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1. Introduction

Over the last seven years, the pure spinor formalism for the superstring has been suc-
cessfully used to compute multiloop scattering amplitudes and describe Ramond-Ramond
backgrounds in a super-Poincaré covariant manner [IJ. Nevertheless, there are some funda-
mental features of the new formalism which are not yet well-understood. Two such features
are the composite b ghost and the Hilbert space for the pure spinor variables.

As in N = 2 topological strings, the b ghost in the pure spinor formalism is not a
fundamental worldsheet variable but is a composite operator defined to satisfy {Q,b} =T
where @) is the BRST operator and T is the stress tensor. However, in the pure spinor



formalism, the composite b ghost involves inverse powers of A% where A is the pure spinor
variable constrained to satisfy Ay#\ = 0. Since this operator diverges when certain com-
ponents of A% are zero, the b ghost is not a globally defined function on the space of pure
spinors; rather, it must be described using a certain extension of the higher cohomologies
of this space.

Although it was shown in [, f[] how to functionally integrate over A* in the presence of
such operators, it was unclear how to properly define the Hilbert space of allowable func-
tions of pure spinor variables. In this paper, this Hilbert space question will be answered
by explicitly computing the partition function for the pure spinor variables and studying
properties of the states in the Hilbert space. It will be shown that only states which diverge
slower than (\)~* when A\ — 0 contribute to the pure spinor partition function. Since the
functional integral [ d''X\ f()\) is well-defined as long as f()\) diverges slower! than ()~
when A — 0 (or slower than (A\)~® if we use the globally defined holomorphic top form on
the pure spinor space instead of d'')), this result implies that functional integration over
A% can be consistently defined.

For states depending only on the zero modes of A%, the Hilbert space of states in
the pure spinor formalism is easily understood and is given by arbitrary polynomials in
A%, This follows from the fact that A = 0 is the point of high codimension, so that any
holomorphic function extends to A = 0. Since A% is constrained to satisfy Ay#\ = 0, these
polynomials are parameterized by constants f(q,..q,) for n =0 to co which are symmetric
in their spinor indices and which satisfy v;*“? f(a,...an) = 0-

As shown in [, this Hilbert space for the zero modes is described by the partition
function

Zo(t) = (1 —t)715(1 — 10¢% + 16t — 16> + 105 — 8)

where \* carries +1 t-charge. Expanding Z(t) in powers of ¢, one reproduces the indepen-
dent number of f(4, . .a,)’s at order t". After multiplying by (1 — £)'6 which comes from
the partition function for the 16 8% zero modes, (1 —t)'6Zy(t) describes the z-independent
degrees of freedom for the massless sector of the open superstring. For example, 1 de-
scribes the Maxwell ghost, —10t? describes the photon, +16t% describes the photino, and
the remaining terms describe the antifields for these states. Note that Zy(t) satisfies the
identity Zo(1/t) = —t®Zy(t) which implies a symmetry between the fields and antifields.
In this paper, we shall perform a similar analysis for the non-zero modes of A%, as
well as the modes of its conjugate momentum w,. The partition function for the lowest
non-zero mode was already computed in [f], and we shall extend this computation up to
the first five non-zero modes. The computation will be performed in two ways, firstly using
the ghost-for-ghost method and secondly using the fixed-point method. After including the
contribution from the matter variables (x*, 0%, p, ), we will show that the complete partition
function correctly describes the first five massive levels of the open superstring spectrum.

1Since A = 0 is a point in the complex variety, the expression “f(\) diverges as A7*” has to be taken
in the algebraic geometry sense, i.e. as follows: f()) is singular on some subvariety containing A = 0, but
A1dz ... Ak f(N) is regular at A = 0 where A;, ¢ = 1,...,k are some, not necessarily independent, linear
functions in the ambient vector space C.



In computing the partition function for the non-zero modes of A% and w,, we will
discover a surprise. Because the constraint Ay#A = 0 generates the gauge transformation
Ipwa = A*(y,A\)q for the conjugate momentum, one naively expects that the Hilbert
space is described by polynomials of A* and w, (and their worldsheet derivatives) which
are invariant under this gauge transformation. However, in addition to these ordinary
gauge invariant states, we will discover that field-antifield symmetry implies that there
are additional states starting at the second mass level which contribute to the partition
function with a minus sign. These additional states should therefore be interpreted as
fermions, which is surprising since A% and w, are bosonic variables.

We will argue that these extra fermionic states are related to the b ghost in the pure
spinor formalism, and come from functions which are not globally defined on the space of the
pure spinors. As discussed in [[f], the constrained pure spinor ghosts can be treated as a 3y
system where one solves the pure spinor constraint locally in terms of unconstrained world-
sheet variables (3;,7!) for i = 1 to 11. This solution in terms of unconstrained variables
is well-defined only when a certain component of \* is non-vanishing. One can therefore
patch together different solutions where the different patches correspond to regions in the
space of pure spinors where different components of \* are assumed to be non-zero.

The gauge invariant polynomials are globally defined on all patches, however, one
can also consider functions which are only well-defined on the overlap of two patches,
on the overlap of three patches, etc. When the function is defined on the overlap of N
patches, it is natural to identify the state with a fermion/boson if N is even/odd. This
can be understood if one converts from the patching language of Cech cohomology to the
differential form language of Dolbeault cohomology. Using Dolbeault language, functions
defined on the overlap of N patches are associated with (N — 1)-forms which have the
standard fermionic/bosonic statistics for differential forms when N — 1 is odd/even.

The extra fermionic states which start to appear at the second mass level will all be
identified in Dolbeault language with differential three-forms, and are therefore fermionic.
Furthermore, it will be argued that all these states are related to a certain term in the
composite operator for the b ghost.

In the pure spinor formalism, the b ghost satisfying {Q,b} = T is a composite operator
constructed from both the matter variables (z#,0%, p,) and ghost variables (A%, w,). This
composite operator cannot be globally defined on all patches, and in Dolbeault language, is
described by the sum of a zero-form, one-form, two-form and three-form. The three-form
in the b ghost is independent of the matter variables (z#,0%, p,), and will be identified
with a fermionic scalar in the pure spinor partition function at the second mass level. At
higher mass levels, the extra fermionic states in the pure spinor partition function can be
similarly identified with products of this fermionic three-form with polynomials of A% and
wq (and their worldsheet derivatives).

In hindsight, the appearance of the b ghost in the (A%, w,) partition function is not
surprising since any covariant description of massive states is expected to include auxiliary
spacetime fields whose vertex operator involves the b ghost. Nevertheless, the manner in
which the b ghost appears in a partition function for bosonic worldsheet variables is quite
remarkable and suggests that many important features of the b ghost can be learned by



studying the pure spinor partition function.

The plan of this paper is as follows: We begin in section [] by reviewing the basics
of the pure spinor formalism. Due to the non-linear nature of the pure spinor constraint,
there is a subtlety in defining the pure spinor Hilbert space. We shall recall two appropriate
languages — the Cech description and its Dolbeault (or non-minimal) cousin — that can
be used to address this subtlety, and also introduce Chesterman’s BRST method with an
infinite tower of ghosts-for-ghosts []. Following our discussion of the toy models in [§], we
then indicate how these descriptions are related. This will serve as an introduction to the
picture we are going to establish.

In section [, the partition function of gauge invariant polynomials are computed by ex-
plicitly constructing them at lower levels. We point out that the space of gauge invariants is
insufficient if one requires field-antifield symmetry; in particular, a fermionic state is found
to be missing at level 2, which later will be identified as a term in the composite b ghost.

Section [ is devoted to the computation of the partition function including the missing
states found in section [ (The results are listed in appendix §.) We use two meth-
ods for the computation, each with its advantages and disadvantages. The first method
utilizes Chesterman’s BRST description of the pure spinor system [ involving ghosts-for-
ghosts. A nice feature of this method is that two important symmetries—field-antifield and
“x-conjugation” symmetries—are (formally) manifest. However, since this description re-
quires an infinite tower of ghosts-for-ghosts, the expression for the partition function is not
rigorously defined. Nevertheless, we show that there is an unambiguous way to compute
the partition function level by level respecting the two symmetries. The second method
uses a fixed point formula which generalizes the zero mode result of []. The formula in-
cludes the spin dependence of the states, and the computation is fairly straightforward.
However, it misses some finite number of states that must be recovered by imposing the
two symmetries.

We then explain in section [] how the field-antifield and *-conjugation symmetries can
be understood from the structure of pure spinor cohomologies.

In section [ we relate the partition function and the superstring spectrum. After in-
cluding the contribution from the matter variables, we show that a simple twisting of the
charges gives rise to the partition function of lightcone fields and their antifields. Fur-
thermore, we show up to the fifth massive level that the partition function thus obtained
reproduces the usual lightcone superstring spectrum (without the on-shell condition).

We conclude in section [] and indicate some possible applications of our findings. Sev-
eral appendices are included for convenience. Some group theoretical formulas are collected
in appendix [A], and a list of partition functions can be found in appendix [B Finally in ap-
pendix [(] we present some details of the reducibility analysis of the pure spinor constraint.

2. A brief review of the pure spinor formalism

Let us begin by reviewing certain aspects of the pure spinor formalism and indicating
the results we are going to establish in the present paper. This is not intended to be
a complete overview of the formalism, as we only cover issues which are relevant to the



partition function computation. On the other hand, we will also include a summary of

our results obtained from the analysis of simple toy models with quadratic constraints [g§].

The essential features of these simpler toy models are very similar to those of the more
complicated pure spinor model.

2.1 Basics and a subtlety

The worldsheet variables of the pure spinor formalism consist of the following three sectors:
2, (pa,0?), (Wa,AY), (u=0,...,9, aa=1,...,16). (2.1)

(We restrict ourselves to the left-moving sector of closed strings, or the open string.) The
first two sectors are the Green-Schwarz-Siegel variables describing the string propagation
in ten-dimensional superspace, and they satisfy the usual free field operator product ex-
pansions [f]:

5.0
z—w

2 (2)z" (w) = —nH log(z — w),  pa(2)0°(w) = (2.2)

In addition to these “matter” sectors, there is a bosonic “ghost” sector consisting of the
pure spinor variable A* subject to quadratic constraints [[(]

AN =0 (1=0,...,9), (2.3)

and its conjugate w.
Physical states are defined by the cohomology of the “physical BRST operator”?

Q=[x
) (2.4)
where d, = po + (7#0) 02" — 5(7“9)(1(97”86).

@ can be checked to be nilpotent using the free field operator products (E) and the
pure spinor constraint (R.3). The massless vertex operator, for example, can be written
in a manifestly super-Poincaré invariant manner by coupling a spinor superfield to a pure
spinor as

U= \"Aa(z,0). (2.5)

Expanding in powers of 6, one finds the (zero-momentum) vertex operators for the photon
and photino to be (M#§) and (AM*0)(7u0)a. A similar construction has been done for
states at the first massive level [[L3], and by now there are various arguments that the
cohomology of () reproduces the full superstring spectrum in a covariant manner.
However, there is an important subtlety that has to be explained. Namely, we have
not yet specified the Hilbert space in which the cohomology of @) is computed. Classically,

2There are some arguments how this BRST operator arises from gauge fixing a fermionic local symmetry
of a Green-Schwarz-like classical action, but in this paper we will not worry about the “origin” of pure
spinors. Readers interested in this issue are referred to [EL



because of the constraint (R.3), the conjugate w, must appear in combinations invariant
under the “gauge transformation” generated by the constraint Ay*\ = 0:

Iawa = A (v )a - (2.6)

Examples of such gauge invariants are the A-charge® current .J, the Lorentz current N*¥,
and the energy-momentum tensor T'. Their classical expressions are given by

1
J=—-wh, N = —§w’y“”)\, T =—woA. (2.7)

Quantum mechanically, however, since w and A are not free fields, it is not obvious how to
define these composite operators. One way is to parameterize A (and w) by genuine free
fields. Using the decomposition U(5) C SO(10), the pure spinor constraint (R.3) implies
the 5 conditions

1

A" = 3 (Ap) e N e (2.8)

where A* decomposes under U(5) as
A= (Ae, Aap, \Y) = (1,10,5). (2.9)

So (w,A) can be parameterized by 11 free (v pairs which describe (A4, Agp) and their
conjugate momenta.

However, one now runs into a subtlety concerning inverse powers of A in the definition
of A% in (B.§). Recall that inverse powers of \ are also required to construct the composite
“reparameterization b-ghost” that satisfies [[[4, ]

{Q. b} =T. (2.10)

Once inverse powers of A are allowed, it naively appears that the cohomology of () becomes
trivial due to the relation

{Q 2710} =1. (2.11)

Of course, the expression )\110+ is not globally well-defined on X7g, but so is the composite
b-ghost. Thus, one has to clarify which type of poles in A\ are allowed and which are not,
what global properties the allowed expressions should have and so on. One of our aims in
the present paper is to clarify this issue by applying the general framework of curved (v
systems [[[§, [[7, ] to pure spinors. (For the mathematically better developed theory of
[7-systems on superspaces of the form IITX or IT* X, see e.g. [[[§, [[J]; for the treatment
of instanton effects, see [R(].)

3 Although the charge measured by Jp is often called the “ghost number”, we shall call it the “\-charge”
to avoid confusion with another ghost number which will be introduced later.



2.2 Pure spinor sector as a curved (v system

A standard way to construct a general curved (v system on a complex manifold X is to
employ a Cech description of X. Namely, one starts with a set of free conformal field
theories taking values in the coordinate patches {Us} of X, and tries to glue them to-
gether [[[§, [[7, fl. The field content of each conformal field theory is described by the
(holomorphic) coordinates of a patch u® and its conjugate v, satisfying the free field oper-
ator product expansion

0%,

u(z)vp(w) = po— (2.12)

Unlike conventional sigma models on complex manifolds, one need not introduce antiholo-
morphic coordinates.

Not all manifolds X, however, lead to a consistent worldsheet theory. A basic require-
ment is that one must be able to consistently glue the operator products (2.13) on overlaps.
Gluing on double overlaps U4 NUp can always be done (though they are not quite unique),
but the gluing on U4 NUp, Ua N Uc and Ug N U must be consistent on the triple overlap
Us NUp NUcg (cocycle condition). In order that there is no topological obstruction for
this, the first Pontryagin class p;(X) must be vanishing. Analogous obstructions can be
present for the global existence of worldsheet currents that generate the symmetries of X
(“equivariant version” of p1(X)). Also, to be able to define the energy-momentum tensor
T globally (i.e. to have a conformal field theory), X must possess a nowhere vanishing
holomorphic top-form and hence the first Chern class ¢; (X) must also be vanishing.

In the case of pure spinors all these obstructions turn out to be absent [fJ]. The target
space is basically the space of SO(10) pure spinors, with the origin removed:

X10 = {A* [ X*h5N = 0,1 # 0}, (2.13)

which is a complex cone over a compact projective space Xig. It is well known that X7jq is
the homogeneous space

X10 =S0O(10)/U(5), (2.14)

and has ten (complex) dimensions. The origin A = 0 is removed from the space of all
solutions to the equations Av#* X\ = 0 in order to meet the general criteria above, p; =c¢; =0
etc. That is, Xjg is regarded as a C*-bundle over the base Xy (thus we are dealing with
the (y-system which is not covered by the general analysis of RT]). With this removal
of the origin understood, Xip can be covered by 16 patches {Ua} (A =1,...,16) where
in each patch at least one component of A (which we denote A*) is non-vanishing. Very
explicit formulas for the gluing of operator products, symmetry currents J and N*”, and
the energy-momentum tensor 7' can be found in [fj].

Given a space X on which the curved (v system can be consistently defined, the space
of observables, or simply the Hilbert space of the model, is defined as the cohomology of the

difference operator ¢, also known as Cech operator. Let us recall that a Cech n-cochain 1) =



(onf‘l"'A") refers to the data assigned to every nth overlaps, Ua,a,...4, = Ua,N---NU4,,
and ¢ sends an n-cochain to an (n + 1)-cochain:

n

(Bpytonet = 3 (—1)igphor A, (2.15)
i=0
The nth Cech cohomology H™(0) is defined as the space of d-closed n-cochains (n-cocycles)
modulo d-exact elements (n-coboundaries). In particular, the zeroth cohomology H(0) is
simply the space of “gauge invariant” operators defined globally on X. But experience
with models with a simple quadratic constraint of the form A’\* = 0 suggests that higher
cohomologies are important as well [{].

With respect to the higher cohomologies, there are several lessons to be learned from
the analysis in [§. First, for the models considered in [§], only the zeroth cohomology
HO($) and the first cohomology H'(4) were non-empty. Second, there was a one-to-one
mapping between H°(5) and H'(5). Finally H'()) was essential for having “field-antifield
symmetry” after coupling the system to the fermions (p;, #%). (In the pure spinor formalism,
“field-antifield symmetry” literally refers to the symmetry between spacetime fields and
antifields, and is essential for the consistent definition of scattering amplitudes.)

Somewhat surprisingly, the situation is almost identical for the pure spinor system, ex-
cept that H'(§) is replaced by the third cohomology H?(d). More precisely, only the zeroth
cohomology and the third cohomology will contribute to the partition function, and there
will be a conjectured one-to-one mapping between states in H%(4) and in H3(8). In the pure
spinor formalism, an additional reason why H?(4) is important is that a nontrivial element
in H 3(5) is essential for the construction of the composite reparameterization b-ghost.

2.3 Dolbeault or non-minimal description

The description of the curved (v system in the previous subsection was done using the
Cech language by patching together a collection of free conformal field theories [(§]. There
is a closely related formulation which uses the Dolbeault language. The two are related in
the same manner as the standard Cech and Dolbeault cohomologies of a complex manifold
are related. In the Cech description, only the holomorphic local coordinates u, of X were
used, but the Dolbeault description utilizes the antiholomorphic variable u® as well. This
allows the construction of a partition of unity on X and, by considering the cohomology of
an extension of the Dolbeault operator Ox, one can deal exclusively with globally defined
objects [, [4-[d).

In the pure spinor formalism, the so-called non-minimal formulation corresponds to
this Dolbeault formulation [, ff]. There, one introduces another set of pure spinor variables
A, and its (target space) differential r, = d)\ which are constrained to satisfy

XY Phg =0, Xay"*Prg=0. (2.16)

The conjugate momenta for the non-minimal fields are denoted by @® and s%, and they must

appear in combinations which are invariant under the non-minimal gauge transformations
03" = N ()™, GuT® = WH (), (2.17)
Sys® = WH(y,N)°, '



with Ku and ¥, being bosonic and fermionic gauge parameters.
The Dolbeault operator Ox can be defined as a natural extension of the Dolbeault
differential in complex geometry:

= — 0
Note that dx is gauge invariant under (P-17). If one wishes to be more rigorous, the
expression for dx should be understood in terms of its local expressions that are consistently
glued. Also, note that only the zero-modes for the non-minimal sector are relevant for the
0x-cohomology due to the relation

Ox (s0N) = WO + 80r = —Thonmin - (2.19)

Whenever there is a Ox-closed operator F with positive weight h carried by the non-
minimal sector, it can be written as dx of itself multiplied by the zero-mode of sO\:

—%5)(((38X)0F) _F. (2.20)

The minimal (Cech) and non-minimal (Dolbeault) formulations can be related by im-
itating the argument that establishes the usual Cech-Dolbeault isomorphism. That is, the
cohomologies of § and Ox are related using the partition of unity {pa} “subordinate to”
the coordinate patches {Uga}:

Y A
pA = )\‘/4\; — g pa=1and pa = 0 outside Uga ,
( _)A A T (2.21)
— AT AN — (Ar) A
dpa =0 = — .
pa = 0x(pa) )2

(Here and hereafter, Einstein summation convention does not apply for the index A; when
needed, we will always write the summation over A explicitly.) A Cech n-cochain ¢ =
(ypA0An) is described in the Dolbeault language by an n-form

¥= (n+1)! >t pagdpa, A Adpa, - (2.22)

" Aoy, An

Since 1) is holomorphic (i.e. DxrpAoAn = 0), the usual argument relating the Cech and Dol-
beault cohomologies can be applied (provided one uses a good cover so that dx-cohomology
is locally trivial).

2.4 Cohomology of the pure spinor superstring

In order to include the contribution of states that are not globally defined on the space of
pure spinors, the physical BRST operator Q = [ A%d,, of (.4) should be modified either to

Q=Q+46 or Q=Q+0dx (2.23)

— 10 —



where 0 and Ox are defined in (.1§) and (P.13).

The space on which @ + ¢ (where 0 is either d or Ox) acts naturally has two gradings,
one for ¢ (which will be called ghost number) and another for @ (which will be called
A-charge). The cohomology is thus graded by the sum of these two charges,

k:m—l—n—l—l

N f‘m,n N fm,n—l;l - 5

where a cohomology element with degree k takes the form

Y=Y Ymn,

m-+n=~k (2.24)
VYmn € F™" = H" @ Hypo (ghost number m, A-charge n).

The ghost number corresponds to the chain degree in Cech language and to the form degree

(measured by J.; = —rs) in Dolbeault language. For both cases, the A-charge is measured
by J,x = —wA. Hence, the summand ,, , in each descriptions are schematically,
Cech:  Ypp = (Pa0Am)  Dolbeault: Yy, = (1) ™y . (2.25)

An important point is that a cohomology element in general consists of several pieces with
different §-degrees. Nevertheless, as we shall argue momentarily, the cohomology of d (i.e.
Cech or Dolbeault cohomologies) plays a central role in studying (Q 4 6)-cohomology, and
we shall spend considerable time computing those cohomologies in the forthcoming sections.

The conditions for an operator ¢ to be in the (Q + §)-cohomology is as follows. For
to be (@ + §)-closed, it must satisfy the master equation

Q¢p,k—p = 07
QQ/)p—i-l,k—l + &;Z)p,k—p =0,
Q+dy=0 < : (2.26)
Ql/}q,k—q + 57/}q—1,k—1 = 07
5¢q,k—q = 07
for some (p, q), or, more pictorially,
wp,k—p + wp—i-l,k—l + - + ¢q,k—q
7N AN 7N
Q d. Q 1) Q 8.
s N/ N s N
0 0 0 0 0

— 11 —



In particular, the “head” element v, _, is @-closed and the “tail” element 1,5, is -
closed. For v to represent a non-trivial cohomology it must not be (Q + §)-exact. Then,
since ) and § commute, one can without loss of generality assume that the head 1, ;) is
(@-non-exact and the tail v, ., is d-non-exact. Since § does not act on the physical sector
(z,p, ), the latter implies that the tail is an element of the §-cohomology (multiplied by
some function of (z,p,0)).

So when studying the (Q+d)-cohomology, one can simply restrict the tail element to be
in the d-cohomology. More specifically, when analyzing an exactness relation ) = (Q+9)o,
it can be assumed that ¢ has a é-closed tail which is “longer” than :

¢p,k—p—1 ¢q—1,k—q (bq,k‘—q—l (bq’,k—q’—l —6> 0
o« ™~ o
wp,k—q wq,k—q 6—> 0

When 9 is in (Q + J)-cohomology, it can happen that both the head and tail of
carry ghost number 0. In this case, ¥ is in the cohomology of () computed in the space of
globally defined operators, or simply:

§1h=Qup=0. (2.27)

For example, the super-Maxwell vertex operator A*A, (z, 0) is of this type. However, the
(Q + d)-cohomology can also be affected by the higher cohomologies of §. An important
example of this phenomenon is the relation between the energy momentum tensor T and
the b-ghost in the pure spinor formalism. In this case, b is an object with its tail in the
third cohomology H?(§) and satisfies (Q + 0)b = T

Non-triviality of the cohomology. In the above example involving the b ghost, it is
crucial that b3 is a nontrivial element in the d-cohomology. In fact, we shall argue later that
d-cohomology is non-empty only at ghost numbers 0 and 3, i.e. H"(4) = 0 when n # 0, 3.

As described earlier, we do not wish to have the “inverse” of (Q + ¢) in the Hilbert
space since such an operator would trivialize the (@ + §) cohomology. The troublesome
operator satisfying {Q +6,&} =1 is

64 gA19A2 gAr ... g 0.
gz()\_A>+<AA1AA2>+...+<)\A1...AA16>NK’ (2.28)
in the minimal formalism, and is
Y
VTN

in the non-minimal formalism. As described in [B, [J], this operator can be excluded by

§ (2.29)

n

restricting the order of divergence in (AX)~" (or more precisely the ghost number n) to be
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less than n = 11, which is also needed for defining the path integral over A and A zero-
modes as (AA) — 0. One possible problem with this restriction is that, since the b-ghost
diverges as fast as (A\) 2, one needs to introduce a regularization in computing higher
loop amplitudes that require more than 3 b’s. A regularization procedure was explained
in [B], but it was complicated to use in explicit calculations.

As mentioned above, the §-cohomology will be argued to be empty except for ghost
numbers 0 and 3. This implies that the worrisome divergence coming from fusing multiple
b’s are in fact BRST trivial and can be simply discarded, provided there is no divergence
arising at the boundary of the moduli space. In other words, the trivial cohomology of
H"(5) for n > 3 allows one to consistently remove operators which diverge faster than
().

We will begin our analysis of the cohomology of § in section [J. But before entering
into the details, let us explain another method for computing the §-cohomology and its
relation with the Cech/Dolbeault cohomologies described earlier. This alternative method
utilizes Chesterman’s ghosts-for-ghosts introduced in his BRST approach to the pure spinor
constraint [f].

2.5 Ghost-for-ghost versus éech/ Dolbeault descriptions

For a curved (v system defined by homogeneous constraints G/(\) = 0 (I = 1,...,N),
an alternative to the Cech/Dolbeault formulation would be to apply the BRST formalism
to describe the constraint. Analysis of simple models [}] suggests that classically both
descriptions lead to the same Hilbert space (phase space) including the operators in higher
cohomologies. (See B3, PJ] for a comparison of ordinary gauge invariant operators.) Al-
though the two descriptions differ in general quantum mechanically, our partition function
Tr[(—1)F ---] is insensitive to the discrepancy.

In the BRST framework, ghost pairs (b;,c’) (and ghosts-for-ghosts if necessary) are
introduced to impose the constraint indirectly, and the Hilbert space is defined as the
cohomology of the BRST operator

D= / biGL. (2.30)

The ghost numbers are assigned g(bs,c’;w,\) = (1,—1;0,0) so that g(D) = 1 and the
cohomology H™(D) is graded accordingly.

A very nice feature of this ghost description of the constraints is that one can describe
the system entirely in terms of free fields. However, a difficulty arises when applying it to
the pure spinor system since the constraints are infinitely reducible.

A set of constraints is called reducible if not all the constraints are independent, i.e. if
there exist non-trivial relations among them. Depending on how one chooses to represent
the reducibility relations, there can be relations-for-relations. (This often happens if one
wishes to keep the symmetries of the system manifest.) For the pure spinor system, the
constraint is infinitely reducible meaning there is an infinite chain of relations-for-relations.
Thus, infinite generations of ghosts have to be introduced and the BRST operator D (R.30)
will have an infinite number of terms. It can be cumbersome in practice but a systematic
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procedure for handling reducible constraints is known, and in fact, the ghost-for-ghost
method is quite useful for computing the full partition function of pure spinors.

Note that, when applied to the pure spinor case, the operator D is used to implement
the pure spinor constraint via its cohomology, and is unrelated to the physical BRST
operator @ = [ A\*d,. However, D can be combined with @ to define a single nilpotent
operator of the form Q = D + Q + ---, where the ellipses can be fixed by requiring
nilpotency and are essentially unique. Then, the so-called “cohomological perturbation
theory” (formally) assures that the constrained cohomology of Q (D = 0) is equivalent
to the unconstrained cohomology of Q B4]. We will call this auxiliary BRST operator
D in the ghost-for-ghost method as “mini-BRST operator”, and sometimes refer to its
cohomology as “mini-BRST cohomology”.

The mini-BRST operator D was first introduced by Chesterman in an attempt to con-
struct the ghost-extended physical BRST operator Q=D+Q+---.* Theidea of having a
single physical BRST operator acting on a totally unconstrained space is attractive. But as
D already contains infinite number of terms, actual construction of Q is not feasible. Thus,
although we study the cohomology of the mini-BRST operator D, we will not attempt to
study the cohomology of the ghost-extended physical BRST operator Q directly (except
in the last section ] where we make use of an SO(8) version of Q to derive the lightcone
spectrum).

One of our main goals is to establish a classical equivalence between the ghost-for-
ghost and Cech-Dolbeault descriptions. Although some portions are left conjectural, we
claim that the equivalence can be established using exactly the same arguments that were
presented for the simpler toy models [§]. That is, the cohomologies in question can be
related by defining a “non-minimal” version of Chesterman’s mini-BRST operator

D=D+0x (2.31)

where D is the usual mini-BRST operator of the ghost-for-ghost method, and 0x = —r,@®
is the Dolbeault operator constructed from non-minimal variables.

At first sight, it seems that the non-minimal variables added here should be uncon-
strained to ensure the cohomology to be kept intact. We however note that whether \, sat-
isfies Ay*\ = 0 or not is irrelevant as long as the cohomology is concerned. In both cases, the
non-minimal momenta w® and s, cannot contribute to the cohomology, so one can switch
between the two viewpoints by simply forgetting/imposing the non-minimal constraint.

In section [}, it will be argued that the following four cohomologies are classically
equivalent:

1. Minimal mini-BRST (ghost-for-ghost): cohomology of D

2. Non-minimal mini-BRST (ghost-for-ghost): cohomology of D + dx

“The idea of working with unconstrained A® variables covariantly was originally developed by Grassi,
Policastro, Porrati and van Nieuwenhuizen in [@, @ but with a truncation on the mini-BRST operator
D. Unfortunately, due to the truncation, it appeared difficult to assure that Q reproduces the superstring
spectrum. References [@] and [@] discusses the use of SO(8) and U(5) version of the mini-BRST operator,
respectively.
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3. Dolbeault cohomology dy (of gauge invariant operators)
4. Cech cohomology of & (of gauge invariant operators).

Let us clarify the meaning of “gauge invariance” in this picture. Suppose we momentarily
forget the non-zero modes and think about a point particle moving in the space of pure
spinors Xj9. When one speaks of the gauge transformation dyw, = (AX)q, it is implicitly
assumed that the phase space 7% X is embedded in a Euclidean space T*C'®. Then, the
gauge transformation generates a motion vertical to 7% X7, and the gauge invariance of
an object simply means that it is living inside 7" X1y. Now, in the curved (v language of
the Cech/ Dolbeault description, T* X1 is treated intrinsically and everything is manifestly
gauge invariant. So there is really no way to construct a “gauge non-invariant object” by
using the local coordinates on the cotangent space.

However, in the ghost-for-ghost description, (w, ) are promoted to genuine uncon-
strained free fields so that Xio is naturally embedded in the flat space C'. It is then
sometimes convenient to use (w,\) instead of their local parameterization to denote the
operators. But since not all expressions that can be written with (w,\) are in 7™ X,
one needs to know when this notation makes sense. The notion of gauge invariance does
just this. Note that, at least classically, gauge invariant operators such as J = —w\ and
Ny = —(1/2)(wywA) can be always translated to the intrinsic curved (v language.

To relate the four cohomologies listed above, one can follow the steps (a) — (d) in the

diagram:
minimal mini-BRST Cech
I(a) 1(60
(c
non-minimal mini-BRST ‘(:, Dolbeault
(®)
(a) Adding/removing (unconstrained) non-minimal quartet under dy = —rw

(b) Different choice of cohomology representatives
(¢) Embedding to “extrinsic” space of free fields
(¢') Restriction to “intrinsic” (or gauge invariant) operators on Xy

(d) Standard Cech-Dolbeault mapping (partition of unity)

We will come back to the explanation of this diagram in section [}, but in short, steps
(a) and (c¢) can be used to embed the minimal mini-BRST and Dolbeault cohomologies
in the non-minimal mini-BRST cohomology, and both are then simply different choices of
the cohomology representatives (step (b)). The biggest conceptual step is step (c), where
a connection between free fields (ghost-for-ghost) and constrained fields (Cech/Dolbeault)
has to be made. For the pure spinor model, an added technical difficulty arises due to
the infinite number of ghosts on the ghost-for-ghost side. Nevertheless, one can at least

— 15—



formally state the mapping between the two regimes, and establish the equivalence of the

[

cohomologies at each ghost number (i.e. not just in the ghost number 0 sector) [§:
H"(D)=H"(6) (§=20ordyx). (2.32)

Moreover, as mentioned above, we shall argue that only H® and H? are non-empty, and
that there is a one-to-one mapping between the two.

One of the basic tools for studying cohomologies is to compute their partition function
(or character). In particular, this is convenient for exposing some discrete symmetries such
as the mapping between H? and H3. So we will spend the next several sections computing
the partition functions of various cohomologies. Eventually, we shall argue that only H°
and H? are non-empty and that they together form a space that precisely reproduces the
correct superstring spectrum.

3. Naive partition function of pure spinors and missing states

In the last subsection, we explained various cohomologies that might be used to describe
the operators of the pure spinor sector. Eventually, it will be argued that they are clas-
sically all equivalent. In particular, all have structures that can be summarized by two
discrete symmetries of their partition functions, the “field-antifield symmetry” and the
“x-conjugation symmetry”. The former is essential for being able to define the spacetime
amplitudes, and the latter is responsible for the symmetry between gauge invariant opera-
tors (i.e. of the zeroth cohomology H) and the operators that are not globally defined on
the pure spinor space (which turn out to live only in the third cohomology H?). Also, it
is only when the contribution from the latter is taken into account that the total Hilbert
space exhibits the field-antifield symmetry.

To explain what we have just stated, we here compute the partition function of the
globally defined gauge invariant operators by explicitly constructing them at lower Virasoro
levels. It turns out that, starting from level 2, the space H? by itself lacks some operators
for having the field-antifield symmetry. The missing states turn out to be fermionic and
hence are naturally described by higher cohomologies of odd degrees.

3.1 Preliminaries

3.1.1 Definition of the partition function

The characters of the states we wish to keep track of are their statistics, weights (Virasoro
levels), t-charge (measured by J; = —wA — pf) and the Lorentz spin. The Lorentz spin of
a state can be labeled by five integers which we denote by

i = (ayagasaqas) Dynkin basis,

1 f o :
= 5[#1#2#3#4#5] “five sign” basis.
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Introducing formal variables (g, t,d) for each quantum numbers, we define the partition
function (character) as

— Z Zh(t, &»)qh ] (32)

The trace is taken over the various cohomologies explained above, and we will show that
all lead to the same result. Characters of the basic operators w and A are

h(wa)‘) = (170)7 t(w7)‘) = (_171)7
p(w) = o(00010) _ 5 (£o1£02t03%04+05) (odd # of —’s) (3.3)

() = o(00001) _ e%(iali@iagimias) (even # of —s) .

The relation between the Dynkin basis and the “five sign basis” can be found in ap-

pendix [AT].
Sometimes, it is convenient to ignore the spin characters and concentrate on the di-
mensions of the Hilbert space

h>0 (3.4)

One might wish to keep track of the ghost number (or g-charge), but the computation of
Z(q,t) is considerably easier than the computation of Z(q,t, g) as we explain shortly.
A list of partition functions at lower levels can be found in appendix [B.

3.1.2 Cohomology via partition function

In section ], we will relate the partition function of pure spinors to that of the cohomology
of the physical BRST operator @ = [ A*d,. Let us explain the basic idea behind this,
which is also useful for the computation of the partition function itself.

Let O be a fermionic nilpotent operator that commutes with Ly, Jy and the Lorentz
charge, let H be the cohomology of O, and let F be the Hilbert space in which the coho-
mology of O is computed. Then it can be shown that the traces over H and F coincide:

Try (—1)F gFot0e 7 = Trp(—1)F glotloero (3.5)
To show this, first split H and F to even and odd parts:
H=He®PHo,, F=FdF,. (3.6)

(In our case, fermion numbers will be carried by 6’s and the fermionic BRST ghosts.) Then,
since

fe:Ze“‘fe/Ze:(He"i'Be)_‘_Bo,

(3.7)
(Z=KerO, B=Im0O),
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and similar for e < o, the trace over B, and B, do not contribute to the right-hand side
of (B.5) due to the factor (—1)F.

All the cohomology operators ¢, dx, and D satisfy the criterion we stated for general
O. Thus, although we defined the partition function as the trace over the cohomology in the
previous subsection, it could have been the trace over the space in which the cohomology is
computed. Below, we use the formula (B.5) freely when computing the partition functions.

We will also use the formula (B-]) in section [] when we relate the partition function of
pure spinors to the cohomology of the physical BRST operator @ = [ A\%d,. Although Q
does not commute with Jy, we will argue that one can twist the t-charge using the Lorentz
current so that the twisted charge 0 piece of ) has the same cohomology as @ (except
for the on-shell condition Ly = 0). Then the cohomology of @) can be read off from the
twisted partition function. It will be shown in section |j that the cohomology thus obtained
precisely reproduces the lightcone spectrum of the superstring.

Finally, note that our partition function remains the same for the classical and quantum
cohomologies. Although some classical cohomology elements may not be in the quantum
cohomology, such elements will drop out in the form of doublets, f A g. Hence, due to the
factor of (—1)¥, they do not affect the partition function. (For the Cech operator 4, the
fermion number operator F' counts the order of cochains.)

3.2 Counting of gauge invariant polynomials and the missing states

Now, let us actually construct the elements of H? at lower Virasoro levels. The states we
construct are polynomials of w, A and their derivatives, and are invariant under the “gauge
transformation”

Iawa = A (v )a - (3.8)

In the language of curved (7 theory these correspond to globally defined operators. Ba-
sic invariants with a single w are the A-charge® and Lorentz currents, and the energy-
momentum tensor for the pure spinor sector

J=—-w\, NH = —%wy”“)\, T =—woA. (3.9)
Of course, arbitrary products of these operators are again gauge invariant. Starting from
level 2, there will be certain gauge invariant polynomials with negative A-charge meaning
that the number of w’s is strictly larger than that of A’s. These, however, are perfectly
normal gauge invariant operators and should not be confused with the “missing states”
alluded to at the beginning of this section.

The true missing states, which first appear at level 2, are fermionic and are crucial for
reproducing the massive spectrum of the superstring. The purpose of this section is to show
that the Hilbert space of “naive” gauge invariants lacks field-antifield symmetry and hence
is not the appropriate Hilbert space in the pure spinor formalism. Later, we shall explain
how the missing states fit into the higher degree cohomologies of the Cech/Dolbeault or
ghost-for-ghost descriptions.

Descriptions of gauge invariants at levels 0 and 1 can also be found in references [, f.

SWe call J the A-charge current to distinguish it from the t-charge current J, = —w — pé.
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3.2.1 Level 0 gauge invariants
At the lowest level, the Hilbert space is spanned by non-vanishing polynomials of A. Due
to the pure spinor constraint, A’s can only appear in the “pure spinor representations”

Aleryez o xan) — (0000n)t™, (n>0). (3.10)

Here, we also indicated the t-charge of the state, and the symbol (ajas - -- ) signifies
the “spinorial 7-traceless condition”, which means that the expression is zero when any
two indices oo are contracted using ’ygmj. Since the pure spinor representations have

dimensions
. (n+7)(n+6)(n+5)%(n+4)%(n +3)%(n + 2)(n + 1)
= A1
dim(0000n) e B 3 ; (3.11)
the level 0 partition function is easily found to be [f]
1— 1062 +16t° — 16t° +106° — 15 (1 +1)(1 + 4t + ¢
Zo(t) = + i _Q+tA 44+ (3.12)

(1—t)i6 B (1—¢t)1t
3.2.2 Field-antifield symmetry

Before proceeding to the next level, let us explain an important symmetry possessed by
the zero-mode partition function. Looking at (B.12), one immediately notices that Zy(t)
has the following symmetry:

Zo(t) = —t8Zo(1/1). (3.13)

As we shall explain shortly, this symmetry is related to field-antifield symmetry in the pure
spinor superstring. The symmetry is important for having a non-degenerate inner product
on the physical states and the value —8 is related to the A-charge anomaly of the pure
spinor system [d.

In order to explain how the field-antifield symmetry is related to the inner product
structure of pure spinor superstring, let us compute the total weight 0 partition function
for the pure spinor superstring, by including the contribution from #%. (The momenta w,,
Po and Oxz* do not affect the weight 0 partition function, and we ignore the zero modes
k# of Ox* as usual.) Assigning t-charge 1 to ¢, the partition function for 6% is easily
computed and reads

Zoo(t) = Tra(—1)Ft70 = (1 — )6, (3.14)
Hence, the total weight 0 partition function is

Zo(t) = Zxo(t) Zpp(t)

3.15
=1—10t> 4+ 16t — 16t°> + 10t — ¢8. (8.15)

Now Z(t) is nothing but the partition function for the cohomology of Qp = [ A%p, carrying
t-charge zero. For the massless sector, the cohomology of gy coincides with the zero-
momentum cohomology of @ = [ A*d,. The cohomology representatives can be explicitly
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identified as follows:
01
—102:  (\M),
1667 = (A"0)(7u0)a
—16t°: (M) (M 0) (1p0)*
10£° = (AY70)(AY°0)(07,08)
—t%: (M) (X" 0)(MP0) (07uwp) -

(3.16)

MHO) (AP0

It is then easy to see that an appropriate inner product (V,W) can be defined on the
cohomology using the zero-mode prescription

(A" O) (A O) (A 0) (07wp8)) = 1. (3.17)
Every cohomology element V has its conjugate (antifield) V4 such that
(V,\Va) = (VIVy) =1, (3.18)

where VT denotes the BPZ conjugate of V [B9. Since A* has t-charge anomaly —8 while
6> has 16, the rule (B.17]) precisely saturates the anomaly. It is analogous to the rule for
the bosonic string, (cdcd?c) = 1, and can be derived from functional integration methods
after including an appropriate BRST-invariant measure factor [[14].

Below, we shall argue that the partition function of pure spinors has the field-antifield
symmetry (B.13) at each Virasoro level, and therefore all physical states in the pure spinor
superstring appear in field-antifield pairs.

3.2.3 Level 1 gauge invariants
The weight 1 can be saturated either by one w or one dA, and we wish to count the states
that do not vanish due to the pure spinor constraints

MHPA=0, I(MHA) =2\HON = 0. (3.19)

For the states with w, one must also require invariance under the gauge transformation
awa = Ay(v*X)a. For the level 1 operators, the latter condition implies that w must
appear in the form of the gauge invariant currents J and N*”. Hence, all the possible
states with a single w are (n > 0)

waA@NFLL L \B) = (0000m)¢™

3.20
wa () GAPAT A = (0100m) " (3:20)
The states involving O\ are described by (n > 0)
AN NP \Bn) = (0000, + 1)t" T,
(3.21)

NP NE NI AP = (001072
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Note that while Ay*9\ = 0 due to the pure spinor constraint, the 3-form Ay**PO\ is
non-vanishing.
Adding up all four contributions, one finds [

46 — 144t + 116¢2 + 16t3 — 16t° — 116¢5 + 1447 — 46t8

Z = .22
l(t) (1 _ t)16 (3 )
2(1 + t)(23 + 20t + 23t2)
= . 2
=D (3.23)
This satisfies the same field-antifield symmetry as Zy(t):
Zy(t) = —t78Z,(1/1). (3.24)

3.2.4 Level 2 gauge invariants and a missing state

Explicit constructions of the gauge invariant polynomials at level 2 can be obtained using
similar methods. But at this level we encounter several new features. Most importantly,
we will find that the space of gauge invariant polynomials does not posses the field-antifield
symmetry. This implies the space has to be augmented by some finite number of terms.
As already hinted in section B.5, these “missing states” correspond to elements of higher
degree cohomologies in Cech/Dolbeault and ghost-for-ghost descriptions. (We shall explain
this in detail in section f].) For now, however, let us focus on the space of gauge invariant
polynomials and enumerate them.

First of all, there are polynomials with two w’s. One might expect that these w’s only
appear in the form of N#¥ or J, but there in fact is a gauge invariant polynomial with
negative A-charge

Ja = 3Jwa + N* (yw)a - (3.25)

Appearance of f, is interesting, but we stress that it is a perfectly normal gauge invariant
polynomial and has nothing to do with the “missing states”. Of course, f, multiplied by
some function of A is again gauge invariant, but this carries non-negative \-charge and can
be expressed in terms of operators constructed from N*” and J.

The states with two N’s, two J’s, and one N and one J are (n > 0)

N N A\ = (Y00 a3 (Vpo1w)as ACTAZN - A% = (0200n)¢™
N Nt A™ = (4,0 a3 (Ypo) @)z AOTA2N A = (0001, m + 1)¢"
Ny IA™ = (3,,0) 0 wap ANV 2D = (0100n)8™
TJINY = G wap AT N2 NP 2B — (0000m)™ .

(3.26)

Here, we left the 7-traceless conditions implicit, and the indices in [uv, po] are trace-
less, block-symmetric, and antisymmetric within each blocks. In fact, the 4-form piece of
NNA® | NJX™ and JJA™ can be written as (n > 0)

faA™ = (Bwagwa + (7*'w)ag (VWW)a))\((aO AB1. . \Bn))

. (3.27)
= (00010) ® (0000n)t"
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so one must be careful not to double count.
As for the polynomials with a single derivative, the following states are independent
(n>0):

AN AP = §(way "0 o, A1) NPT NP — (0100n)t™
&])\(” = O(Way A al)Aﬁl---Aﬁn» = (0000n)t™
NI = () 0, ON@0 N1 NP \Fn) 4 (y-traces))
+ (wfy[[‘“’) o (OAyPTh) o Ao yor \Br L \Bn)) (3.28)
— ((0100, 7 + 1) + (1001n) + (0000, n 4 1)) " + (0110n)¢™+2
JOMN™ = o, 8/\((0‘0/\‘11 ABLL L \BR) wao(a)\ywp)al)\((ao A B ABR)

= (0000, n 4 1)t" 1 + (0010n)t"+2,
T = wa, XY = (00000)t° .
Note that TAMHD and wa, OA(@0 21 381 ... A%2) are not independent.

Finally, there are two types of polynomials with two derivatives, 92A\(™ and (8)\)2)\("),
and some of them are related by the level 2 pure spinor condition

MHEOPN 4+ OMyHON = 0. (3.29)
The independent states are (n > 0)
PN AR = (00001) @ (0000m )"
aA«alaWAﬁl- A% = (0000, n + 2)"F2
(OXYP) 5, ONONPINF2 L \Bne1) = (0010, + 1)¢"+2
(OXY1P) 5, (DN ) g NB1NB2 L \Bn2) — (0020m)" .
Adding up all the contributions, (B:2H), (B-26), (B-2§) and (B-30), one finds

Z2,p01y(t) =

(3.30)

e {16t_1 + 817 — 3840t + 7794t> — 10848t + 12870t* — 12032¢°

- 8222t6—4896t7+2823t8—1136t9—|—240t10—32t11—|—2t12} . (3.31)

The missing state. As already mentioned, Zj 1, we just computed does not posses
the field-antifield symmetry. However, one finds that

Z2(t) = ZQ,poly(t) - t_4
1
= m{—t—”‘ +16t7% — 120t + 576t " — 1003 + 528t — 214¢> + 592t
—592t5+214t6—528t7+1003t8—576t9+120t10—16t11+t12} (3.32)
does have the desired symmetry
Zo(t) = —t87Z5(1/1). (3.33)

Therefore, we expect to have an extra fermionic singlet with t-charge —4 at weight 2.
Because it is fermionic, it cannot be a usual gauge invariant state. Indeed, it will be
identified as an element of higher cohomology in all four descriptions, minimal and non-
minimal ghost-for-ghost, Cech and Dolbeault.
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4. Partition function of pure spinors and its symmetries

In this section, we present two independent methods for computing the full partition func-
tion of pure spinors. The first method utilizes Chesterman’s ghost-for-ghost description of
pure spinors [[j], while the second method uses a fixed point formula extending the zero
mode result of []. Neither method gives the complete partition function in closed form,
but the partition functions can be computed level by level unambiguously once one imposes
the requirements of field-antifield and “x-conjugation” symmetries.

We present the ghost-for-ghost method first because the two symmetries are (formally)
manifest in this formalism. However, since the ghost-for-ghost description of the pure spinor
requires an infinite tower of ghosts-for-ghosts, the expression for the partition function is
ill-defined and one has to invoke an analytic continuation in order to maintain the two
symmetries. Also, using this method, it is difficult to compute the partition function
keeping the spin dependence of the states.

For the fixed point method, the difficulty in writing a closed formula arises because
the states that depend on inverse powers of A (or A\ in non-minimal formulation) do not
appear to contribute. However, the number of such states is finite at any given level, and
they can be recovered by requiring the two discrete symmetries.

This section is organized as follows. In section [L1] (which is accompanied by ap-
pendix [J) we introduce the BRST description of the pure spinors using an infinite tower of
ghosts-for-ghosts. We then use it in section to motivate the form of field-antifield and
“sx-conjugation” symmetries and to compute the partition function. The last section [ is
on the fixed point formulas for the partition function. If one accepts the two symmetries
described in section [1.2.1], section can be read independently from sections and 1.2

4.1 Ghost-for-ghost description of pure spinors

In this section, we analyze the (infinite) reducibility conditions for the pure spinor con-
straint using the BRST formalism. The resulting BRST operator D was first introduced
by Chesterman [ffl.5 As already mentioned, we sometimes refer to D as the mini-BRST
operator to avoid confusion with the physical BRST operator Q = [ A%d,,

Chesterman’s ghost-for-ghost construction is designed so that the ghost number 0
cohomology H°(D) reproduces the space of gauge invariant functions of the constrained
system. Indeed, the partition functions of D-cohomology in weight 0 and 1 sectors precisely
describe the number of gauge invariant objects described above. However, starting at
weight 2, we find extra cohomology elements which do not correspond to the naive gauge
invariants, as is expected from the analysis of toy models [§. We shall claim that those

extra states are as important a part of the Hilbert space of the pure spinor system as the
naive gauge invariants. We will come back to this issue in section .

5Note, however, that the spin contents of the ghosts-for-ghosts we derive is slightly different from the
ones proposed by Chesterman [ﬂ] (See footnote ﬂ)
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4.1.1 Reducibility conditions and the ghosts-for-ghosts

Let us start by constructing a nilpotent operator §, whose weight 0 cohomology is isomor-
phic to the space of polynomials of A, modulo the pure spinor constraint. For the time
being, we shall concentrate on the “position space” A, and ignore the “momentum space”
w. Later in section [.1.3, we will construct the mini-BRST operator D from § by extending
the action of § to the full phase space at the quantum level.

To facilitate the discussion below, we denote the pure spinor constraint as

G = MHA =0, A; = (10000) = 10. (4.1)

Now, following the usual strategy of the ghost-for-ghost construction, we introduce a
fermionic antighost (or C-type ghost) ¢ to ‘kill’ the pure spinor part of A and define
the d-action

SCM =GN o et = MR (4.2)

Then, a function f(\) proportional to \y*\ is d-exact and does not contribute to the §-
cohomology. (Later, in order to construct the mini-BRST operator in the phase space, we
shall include the momentum like B-type ghost conjugate to C', which is in the conjugate
representation A;.)

First order reducibility. However, because the pure spinor constraint is reducible, this
is not the end of the story: Using the (strong) identity

(AN (uA)a =0, (4.3)
one can construct a d-closed state
H(VuA)a s (4.4)

which must be killed by introducing another generation of ghost. The coefficient (y,\)a
in ({.3) is called the “reducibility coefficient” and we denote it as

GYRE*=0 — R{>=(1uNa, Az =(00010) =16. (4.5)

(For convenience, we put an underline to the index newly appeared.) The reducibility
coefficient Rﬁf is “complete”, meaning there are no other (strong) relations for the pure
spinor constraint, independent from ([.3).

Now, in order to eliminate the unwanted §-closed state, a second generation ghost must
be introduced to kill it cohomologically. For the case at hand, we introduce a bosonic ghost

c2 o o, (4.6)
and define the d-action to trivialize (¢\)q:
54 = CMRY o 60q = cu(v"Na (4.7)

Then, by definition, the action of ¢ is strongly nilpotent up to this order.
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Second order reducibility. At the next order, the reducibility coefficients are defined by

Rﬁ2 Rﬁ;‘ ~ 0 (weak equality). (4.8)

1

As opposed to the first order reducibility ({.J), weak equality is enough for unwanted
d-closed elements to appear. A complete reducibility coefficient for the case at hand is”

R53 = (%)), A = (01000) = 45 (4.9)

Again, this relation implies the existence of unwanted d-closed states of the form C42 Rﬁg +
M43 where M43 is some polynomial free of C42. Explicitly, the following combination is
d-closed

C’AQRQZ’ + MY o o (YA 4 e (4.10)
To kill these, we introduce the third generation fermionic ghosts
, (4.11)
and extend the d-action as
5O = CRRY + MY o §c = oo (7N + e (4.12)
One can check the strong nilpotency of d-action up to this order.

Higher order reducibilities. The analyses of the higher order reducibility conditions
are similar. For the readers interested, we include the third and fourth order analyses in
appendix [J. Explicit constructions of the reducibility coefficients RQZ“ (and hence the
mini-BRST operator) soon become tedious at higher orders. But as we will now explain,
the spin contents of the ghosts-for-ghosts can be easily inferred without actually doing the
reducibility analysis. Moreover, as we will argue in section [l.1.J, the knowledge of spin
contents is sufficient for determining the structure of reducibility coefficients.

4.1.2 Spins of ghosts-for-ghosts

Since the ghosts needed in the ghosts-for-ghosts implementation of pure spinor constraints
are all free fields, computation of their partition functions are straightforward. Demanding
that they reproduce the level 0 spin partition function of pure spinors, Zy(t,&), their
Lorentz spins can be readily determined. Let us denote by A, the representations of the
nth generation C-type ghosts. (A,,’s are not necessarily irreducible.) By convention, we

| An|

include a minus sign, (—1)“»!, in A, if the corresponding ghost is a fermion. In order to

reproduce Zy(t,d), the A,’s must satisfy

Zo(t,5) = [J(1 — e+~ = T T (@ — e+lero)-C0, (4.13)

n>0 n>0 uEA,

" In [ﬂ], R;f‘z = A% is also considered as the reducibility coefficient and, correspondingly, an additional
singlet ghost ¢ was introduced. But, as we explain in appendix @, there are no d-closed states associated
to this relation and this additional ghost should not be introduced.
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gh# C-type ghosts t-charge A, N,
0 A 1 (00001) 16
1 ct 2 —(10000) -10
2 Oa 3 (00010) 16
3 v 4 —(01000) —45
4 oh 5 (10010) 144
5 o B 6 —((11000) + (00020) + (10000)) —456
6 | o), ol gue g, 7 (20010) + (01010) + (10001) + (00010) 1440

Table 1: Spin contents of C-type BRST ghosts

or equivalently (by canceling (1 — t)~40 present in both sides),
117 — 1062 + T6t° — 16° + 1015 — 15 = JJ (1 —¢"+) = (4.14)
n>1

Now, by expanding both sides in ¢t and comparing the coefficients of ¢, the ghost represen-
tations A,’s can be uniquely determined. For example, the first few terms of the expansion
on the right hand side read

H(l — " TAY = A+ (SPA + A2+ (SPAL + AL © Ag + At
n>1 (4.15)
+(STA; +S%A; ® Ay + 8% Ay + Ay @ Az + At - -+,

where the symmetric products S* are understood in the supersense. It should be clear that
Ay, is uniquely determined by the equality at ¢". In figure [, we list the A,,’s for the first
few generations of the BRST ghosts. (Since it is sometimes convenient to treat A% as the
zeroth generation ghost, we also indicated it in the list.)

When the spin contents of the ghosts are not of interest, one can ignore them in (f.14)
and only keep their dimensions

N, = dim 4,,. (4.16)
In fact, there is a closed formula for N,’s given in [B0, f]:®

No=16, N;=-10,

1
No= —— S0+ DR (VB + - VBY), (nz2). T
n+ 1 k<n
Here, p(n) is the Mobius function defined as
1, ifn=1,
u(n) = (—1)’1‘C , if nis a product of k distinct primes, (4.18)
0, otherwise .

80ur indexing convention for N,, differs from [HL we apologize for the inconvenience.
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Below, we will need some moments of N,,’s that can be computed using the Mellin
transformation of the Mobius function and an analytic continuation [. Some relevant
formulas thus obtained are?

> N,=11, > (n+1)N, =8, > (n+1)°N, =4,

n>0 n>0 n>0
S+ 1Ny =4, > (n+1)°N, =4,
n>0 n>0
g 68 0 (4.19)
D n+1PN =, > (n+1)'°N, =396,
3
n>0 n>0
> Ny =-5, > kN = -3, > KNp=-1.
k>1 k>1 k>1
Of these formulas, the first line has clear physical interpretations:
Ctot = 2 Z N, =22, total central charge (17,
n>0
Qtot = — Z(n +1)N,, = -8, total A-charge anomaly (jT) , (4.20)
n>0
kot = — Z(n +1)2N,, = —4, total U(1)-charge anomaly (J.J).
n>0

Jand T , which will be defined later, are the total A-charge current and total energy-
momentum tensors for the ghost extended system.

4.1.3 Chesterman’s mini-BRST operator

Let us go back to the ghost-for-ghost program and implement the free field resolution in the
phase space at the fully quantum level. That is, we shall construct a nilpotent mini-BRST
D such that

5C =[D,C}. (4.21)

Using our result on the ghost-for-ghost implementation of the pure spinor constraint (sec-
tion and appendix [J), construction of D is straightforward. First, introduce the
B-type ghosts conjugate to the C-type ghosts. They carry the conjugate Lorentz represen-
tations A,, and satisfy the free field operator product expansions
) —0¢ oo
D (es(w) = —2— g (o) = —L B (@)ep (w) = <2 L (4.22)

Z—w Z—w Z—w

Then, for the pure spinor system, the BRST operator D can be written schematically as
(recall Cy = X by convention)

D = Z Z Bn-i-lCnCn—k
n>0 k=0 (4.23)
=2 Bapa(CV Ry + M)
n>0

9See [@] for some recent mathematical attempts to give meaning to these manipulations.
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where M4 is discussed in appendix (0. It is convenient to split D in terms of the resolution
degree, or the “C-charge”. Using the result from appendix [J, the first several terms in D
are found to be

l)22130%—1)1+—Lb~+l)3%—[h-+---,

1
Dy = bu()"Yu)‘)7 D, = —PQCM(’YM)‘)OH Dy = §bW((U’Y/w)‘) + Cucu) )

167 lo} 3
D3 = —pt <Cp Nup(YoN)a + §Cu0a> ) (4.24)

2
+ bo‘ﬁaua(v")\)ﬁ .

1 9 4
Dy = Sbuwp <05(7Vp)\)a + gC“CVp> + by (Jva(Vw)\)a - gCuCW>

Since D is only linear in the B-type ghosts, quantum nilpotency of D follows from that of
the d-action.

In fact, as announced earlier, there is a simple way to specify the form of D without
actually doing the reducibility analysis. First, for the pure spinor constraint, the reducibil-

n+1»

ity coefficients R’: s are linear in A and M“»+1’s are quadratic in C-type ghosts. Then,

since there is onlynone way to construct a Lorentz singlet from A% and two arbitrary repre-
sentations A, and A, the tensor structure in RQZ“ is uniquely fixed up to a scale. The
choice of this scale is a matter of convention and the appropriate choice of MAn+1 follows
from the nilpotency of D.

We hope our discussion in this section convinced the reader that the ghost-for-ghost
mini-BRST operator D is an object much tamer than might be expected, and we now turn

to the analysis of its cohomology.

4.1.4 Mini-BRST cohomology versus gauge invariant polynomials

To initiate the analysis of the mini-BRST (or ghost-for-ghost) cohomology H*(D), we first
explain how the gauge invariant polynomials described in section B.3 are translated to the
ghost-for-ghost language. As is expected from the general theory of the BRST formalism,
we find them in the ghost number 0 cohomology H°(D). However, we also claim that there
should be non-trivial cohomology elements of higher ghost numbers that do not correspond
to naive gauge invariants.

Basic gauge invariant currents and their composites. In the ghost-for-ghost lan-
guage, A-charge and Lorentz currents, and the energy-momentum tensor of the pure spinors
are extended to include the ghost contributions as

J=> (n+1)jn, NW=D N, T=>T,. (4.25)

n>0 n>0 n>0

We note in passing that the BRST ghost number is measured by

Jg == njn. (4.26)

n>1
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In these formulas, j,, Nj” and T,, denote the U(1) current, Lorentz current, and energy-
momentum tensor for the nth generation ghost:

Jo = —waA®, J1=—bey, ja=—pT0a, v,
1 1
N = _§(w7uu)\)’ NP = —_oplu ] , N = —g(pv‘“’o’), cee (4.27)
T() = —waa)\a, T1 = —b”acu, T2 = —paaO'a,

Note that the U(1)-currents are normalized as
n=-—BnCpn —  JuBn=—Bn, JnCp=+Cy. (4.28)

It is easy to see that (j , N, [P T) are D-closed and, corresponding to the fact that the
original gauge invariant currents were not weakly vanishing, these basic D-closed currents
are not D-exact.

Gauge invariants with negative A-charges. As we saw in section B.2.4, there are cer-
tain gauge invariant polynomials in which w’s do not appear in the form of basic invariants
J, N*¥ or T. A typical example of these is

Ja = 3Jwa + N (ypw)a - (4.29)
Naively, one would expect that it will be described in the ghost-for-ghost language as
fa L 3Jwy + N“”(’yw,w)a . (4.30)

This guess, however, turns out to be wrong. Roughly speaking, the ghost contributions
in fa has to be doubled, because Jw and Nw are quadratic in w while being linear in the
ghosts.

The correct expression for the f, can be determined systematically level by level in
the C-charge defined by (B,,C,) = (0,n). Denoting by fa,n the C-charge n piece of fa,
the condition

Dfy=0 (4.31)
leads classically to a set of master equations

level 0: 0= [Dyg, fao+ failo
level 1: 0= [Dg+ D1, fao + for + fazl1,

(4.32)
level n: 0= [DO +D1 + - +Dn7f0 +fa,1 +fa,2 + - +fa,n+1]n

which can be used to fix fa,n level by level. The notation [D, f], suggests that only the
pieces up to C-charge n are kept after taking the commutator.
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For example, the first several terms of fa in the C-charge decomposition are

fa,O = foe =3 1jowa + N(‘)w(’}’uuw)oe 5
far = 2(3- 2j1wa + NI (Yuw)a) , (4.33)
faz = 2(3 - 3jowa + NE (Yuw)a) + 86D (Y0 ) -

and it is straightforward to check fa satisfies the (classical) master equations up to level 1.
The general form of f, would be

n—1
fa=2(3Jwa + N" (yuw)a) = fa+ 3 > anBiBa_iCh . (4.34)
n>2 k=1

where the BBC terms are needed because of the BCC terms in D.

Quantum mechanically, things become more complicated because multiple contractions
do not respect the levels of the classical master equation. However, one can try to find
the quantum improvement terms after working out the classical expressions and see if it
remains in the cohomology. For f,, at hand, the quantum correction should be of the form

foc = fa,cl + Aawa ) (435)

with A being some number. For the models studied in [f], the states analogous to fa drop
out from the quantum mini-BRST cohomology while they survive in the Cech/ Dolbeault
cohomology, and this leads to a quantum discrepancy of the two methods that is invisible
from the partition function. However, for the case of pure spinors, the partition function
indicates the existence of the (classical and quantum) operator carrying the same charges
as f, does. This then implies that there should be a way to define f, quantum mechanically
both in curved §v and ghost-for-ghost methods.

Of course, the procedure described here applies also to the basic gauge invariant poly-
nomials. But for them, it is much easier to guess the correct results than to systematically
work out what they get mapped into.

States in the higher cohomology. The elements of D-cohomology we have been con-
sidering up to now are all living in H%(D), including fa with negative A-charge. That is,
they all correspond to some gauge invariant polynomials studied in section B.3. To under-
stand why the higher cohomologies are expected to be non-empty, let us study the higher
cohomology of the mini-BRST operator considered in [§]:

D:/bmi (i=1,...,N). (4.36)

Clearly, the operator b is in the D-cohomology. One also finds bw;, bw(w;y = b(wiw; —
%&jwz) etc. to be in the cohomology and, in general, there is a one-to-one mapping
between the gauge invariant operators (elements of H(D)) and those with a single b (el-
ements of H'(D)). Roughly speaking, the correspondence is as in table [J, where we tried
to indicate that the roles of of A* and w; are swapped in H°(D) and H'(D). The precise

- 30 —



H°(D) H(D)
fw,A0) < bf(Aw;0)
1 b
AL AGN) bw;, bw(wj)

Table 2: Correspondence of states in H°(D) and H*(D).

correspondence can be established by constructing a inner product that couples H°(D) and
H!(D). We shall refer to the symmetry between H°(D) and H'(D) as the x-conjugation
symmetry, as in [§].

The symmetry can be seen at the level of partition function as follows. The correspon-
dence above (for the toy models) relates the states at

myn 0 1+n+mt—2—n 1 (437)

gtg < dg g -

The factor ¢'t~2¢' on the right hand side corresponds to b, and the trade-off A\ « w; corre-
sponds to the switch ¢ < ¢/t, since w; have conformal weight one and the ¢-charge opposite
of that of \*. Hence, the partition function should behave under the *-conjugation as

Z(q,t) = ="'t Z(q, q/t). (4.38)

In the next section, we start the study of the partition function of pure spinors. The
partition function will be found to have a covariance property very similar to ({.3§). The
only difference is that the prefactor will be —¢*t~* instead of —¢'t~2. Then, in the coming
sections, we shall identify the operator responsible for this factor (i.e. the generalization of

the operator b in ([.3d)) as an element of the third cohomology H?(D) (instead of H'(D)).

4.2 Partition function of the mini-BRST cohomology

In the previous section, we resolved the pure spinor constraint using the infinite chain of
free-field ghosts, and constructed the BRST operator D. Since D carries t-charge 0, the
partition function of its cohomology is equal to that of the total Hilbert space of (now
unconstrained) pure spinors and the ghosts. Therefore, the full partition function of pure
spinors can be formally written as

Z(q,t,&'): H H(l htn+1 —An H ht—n 1) —A,

n>0 \h>0 h>1 (4.39)
nZOth

In the second line, we factored out the zero-mode contributions which, by definition, re-
produces Zy(t,7). Ay signifies the conjugate representation of Aj. For example, the chiral
and antichiral spinors are conjugate to each other, S, = S_.
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It may seem difficult to extract useful information from this formal expression. In fact,
on the contrary, once the moments of N;’s are known, the two important symmetries of the
partition function—the field-antifield symmetry and the *-conjugation symmetry—can be
easily deduced from (f.39). Also, by expanding in ¢, and employing some analytic continu-
ations, one can obtain from ([L.39) a well-defined expression at each Virasoro level. We shall
demonstrate this by computing the partition function of the first and second mass levels.

4.2.1 Symmetries of the partition function

Elementary calculations show that Z(g,t) defined in (f:39) has the following symmetries
(we drop the spin dependence for simplicity):

field-antifield Z(q,t) = H ((—1)N”t_(”+1)N”>Z(q, 1/t)
n>0
symmetry: = —t78Z(q,1/t), (4.40)
wconjugation  Z(g,8) = [ ((=1)7VegErr DVagne ) 2. g 1)
n>0
symmetry: = —¢*t7*Z(q,q/t). (4.41)

From these two symmetries, one also finds

n n —lomn n4(n 2 n
Z(q.t) = T ((-1)rtDNeqantrs DNyt 7, 1)
n>0 (4.42)

=¢*t " Z(q,qt).

Imposing those symmetries on the formal expression for Z(q,t) means that one has made
an analytical continuation

Z(q,t) = [ [ (=ig~*nle) VI (g, ")~ (4.43)

n>0

where the elliptic functions are defined as

Iulgt) =i Yy (~1)rg VD=2 (4.44)
= —ig ()t =t T =" =", (4.45)
h>1
n(g) =¢"> [T - " (4.46)
h>1

The symmetries above follow from the well-known transformation properties of the theta
function:

D11(g,t) = —V11(q, 1/t) = —¢"*t V11 (g, qt) - (4.47)
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¥-conjugation symmetry and the higher cohomology. As in the case of the toy
models (see section and [f]), the x-conjugation symmetry suggests that there are non-
trivial fermionic elements in the higher D-cohomology. The element with charges —¢?t~*
generalizing the state b of the toy models is of particular importance. Unfortunately, the
construction of this state in the BRST framework is not straightforward, obstructed by
the complexity of the infinite ghosts-for-ghosts. However, the state has a particularly nice
interpretation in the Cech/Dolbeault cohomologies. In fact, it turns out to be nothing
but the tail term b3 of the composite reparameterization b-ghost. Hence, it carries ghost
number 3, and we expect from the *x-conjugation symmetry that there is a one-to-one

mapping between H°(D) and H?(D). We shall come back to this issue in section .

Remark on the modular property. Modular properties of the total partition function
Z(q,t) = Zypo(q,t)Zua(q,t) of the pure spinor superstring can in principle be studied

2m7 and transforms to the cylinder

using the expression given here. If one defines ¢ = e
coordinate, one expects the contribution to the partition function Z(q,t) = ¢~o/?*Z(q, t)
of fields and antifields to be separately invariant under 7 — —1/7. However, to verify
this symmetry one first needs to decide how to separate the contributions of the spacetime
fields and antifields. In section f, we shall argue that the correct identification involves
the lightcone boost charges as well as the t-charge: after twisting the ¢-charge current as
J=J+ N: N N;é_ + 2N, all the physical fields and their antifields appear at > and

t0 respectively, and their partition functions are separately invariant under 7 — —1/7.

4.2.2 Partition functions of non-zero modes
Our full partition function represents the cohomology of the mini-BRST operator D. In
particular, by expanding in ¢ and ¢
Z(gt) = Y Nung™t", (4.48)
m>0,n

one gets the number of cohomology elements with weight m and t-charge n. Now, we wish to
show that N, , can be determined inductively using the two symmetries and the initial data

Non = {O’ (n<0), (4.49)
dim(0000n), (n >0).

Let us demonstrate this by showing how the level 1 and 2 partition functions
Zy(t) =Y Nigpt", Zo(t)=> Nout", (4.50)
n n

are uniquely obtained.

Level 1 partition function. The field-antifield symmetry at level 0 implies that the
polynomial

(n+7)(n+6)(n+5)>2(n+4)2%n+3)2(n+2)(n+1)
foln) = 765242322 (4.51)
(: Ny forn > O) ,
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possesses the property
fo(n) = fo(—n —38), (4.52)
which follows from the Serre duality on the space of projective pure spinors
H'(X10,0(n)) = H7" (X190, Kx,y ® O(—n))*,

and the relation
KXlo ~ 0(8) .

Then, from the expression (f.39) for the full partition function, one finds

0
Zl(t) = a_qZ(Q7 t)’q:()
_ k+1 —k—1
_Zdﬂgga +t YN, 53)
= Z < Z fO(n —k— 1)thn + Z fo(n + k+ 1)thn> .
k>0 Sn>k+1 n>—k—1

This expression is not quite well defined as it contains infinite series both in ¢ and 1/¢.
Since what we wish to have is the series in ¢, an analytic continuation must be performed
to throw away the series in 1/t. We perform the analytic continuation in a manner such
that the coefficients of t" in

ACE T (4.54)

respect the field-antifield symmetry. As will be shown shortly, the correct prescription is
to simply discard the 1/t* and higher poles in ¢:

Zy(t)= Y t"> (foln—k—1)+ fo(n+k+1))N;. (4.55)
n>—1 k>0

Now, since fo(k) is a polynomial of order 10, the sum over k in the last expression
can be performed if one knows the (even) moments of Ny up to >, (k + 1)!°Nj. We have
already listed those moments in ({1.19) and the result of the sum is a geometric series of
the form (f.54) with

(4 1) (n+2)(n+3)(n+4)*(n+5)(n+6)(n+7)(11n? + 88n + 345)
fi(n) = 25.33.52.7 )

The sum over n can then be readily done and therefore the partition function (which takes

(4.56)

into account the number of states) at level 1 is:

Zy(t) = fln)t"

n>0

4.57
46 — 144¢ + 116t + 16t° — 16t° — 116t° + 144¢7 — 46¢° (4.57)
B (1—1¢)t6 ’
0, <0),
Ny = { (n <0) (4.58)
filn), (n>0).
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Note that Ng, and Ny, are consistent both with the field-antifield and the *-conjugation
symmetries. Also, the form of fi(n) is consistent with our earlier result:

dim((0100n) + (0000n)) , (n =0),
fi(n) = < dim((0100n) + 2(0000n)) ,
dim((0100n) + 2(0000n) + (0010, —2)), (n>2).

(4.59)

—~
I
—
~—

In general, there is no reason why the result obtained using the prescription above also
respects the x-conjugation symmetry. That is, some (finite) number of states might be miss-
ing, which are implied by the lower level partition function and the *-conjugation symmetry:

Nm,n = Nm+n+2,—n—4 . (460)

This will be the case for level 2 and higher. For these cases, we simply add the missing
pieces together with their antifields so that the number of states is consistent with both
symmetries.

Level 2 partition function. The computation of the weight 2 partition function Zs can
be done in a similar manner. That is, it can be determined from the two symmetries and
the lower dimensional ones Zy and Zy. First,

1 02
Zy(t) = §—aq2Z(q7t)!q=o
1 2
_ n+1 —n—1 - n+1 —n—1
= Zo(t){;:l]\fn(t +th 4+ 2<§Nn(t +t )>

(4.61)
+ % Z N, <t2(n+1) + t—2(n+1)) }

n>0

1 1
=7 (t) + 521 (t) Z Nn(tn—l—l + t—n—l) + §Zo(t) Z Nn(t2(n+1) + t_2(n+1)) '
n=0 n>0

Again, by an appropriate analytic continuation, the series in 1/t can be discarded in such
a way that the coefficient fo(t) in

Zo(t) = Y faln)t" (4.62)
n>—1

contains the field-antifield symmetry. As before, this can be achieved by simply discarding
1/t? and higher poles giving the result

1
= 5 s -2+ E+n)G+n)(6+n) (4.63)

X (3605285806647 + 3215431 +-90400n> +14450n* +1320n° +55n) .

fa(n)

One can check that the polynomial fa(n) obtained here coincides with our earlier result
obtained by counting the number of gauge invariant polynomials, i.e. Y o | fo(n)t" =
Z3 poly(t). This means that, even though f> is consistent with the field-antifield symmetry,
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fa(n) = fa(—n — 8), the result after the summation of the geometric series (}1.62) is not.
More concretely, one finds

Za poly (1) + 17375 pory (1/t) = 2/t*. (4.64)
Also, the definition (.69 is inconsistent with the *-conjugation symmetry because
Ny 4=0 # —Nog=-1. (4.65)

As expected from the general analytic continuation of the full partition function Z(q,t),
those two failures are related. Indeed, both can be remedied at the same time by adding
the term!® —t% to ({.62) so that

Zo(t) = —ti4 + > fan)t”

n>—1

1
=D {7 416t — 12072 + 576t 1 — 1003 + 528t — 214t + 592¢°

— 592t°+214t° — 528" +1003t® — 57617 +120t'° — 16t +¢'2} . (4.66)
It is easy to see the number of states implied by the modified partition function ([.64),

0, (n < —4),
Nop =4 -1, (n = —4), (4.67)
fa(n), (n>-4),

is now consistent with both field-antifield symmetry and #-conjugation symmetry.

4.3 Fixed point formulas for the full partition function

In the previous section, we presented a formula for the full partition function of pure
spinors using an infinite tower of ghosts-for-ghosts. The formula is natural and conve-
nient for motivating the two important symmetries of the partition function, i.e. the field-
antifield symmetry and the x-conjugation symmetry. Also, we were able to compute the
partition function level by level, respecting those two symmetries. However, the compu-
tation using ([.39) is not easy if one wishes to keep the spin information of the states.
We here present a very simple fixed point formula for the partition function including the
spin character, extending the zero mode formula given in [[f]. Although our formulas ({.87)
and ([1.8§) miss some finite number of states at each Virasoro level, these missing states can
be recovered by imposing the two symmetries as in the case of the ghost-for-ghost method.

It may seem troubling that the fixed point formulae we present below “miss” some
states, but in fact this is not so hard to explain.

'"Note that this is equal to 3 x f2(—4)t™*
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4.3.1 Some remarks on the fixed point formulae

A classic example of the fixed point formula is Weyl formula for the character x, of an
irreducible representation of a simple Lie group G:

Xulg) = Trr, (9) , g€ G. (4.68)

Such a representation R, can be realized by geometric quantization of a coadjoint orbit
O, ~G/T,
R,=H"(0,,L,) (4.69)

where L, is a holomorphic line bundle over O,, whose first Chern class ¢; (L) coincides
with the symplectic form on O, determined, in turn, by the dominant weight u € Py.
The character can be written as a sum over the fixed points w of the action of the element
g € G on O, each point contributing essentially a character of the Hilbert space obtained
by quantizing the tangent space T,0,:

xul9) = o= ‘o (9) (4.70)

where e, ,,(g) € C* is the eigenvalue of the action of g on the fiber of the line bundle L, |,
over w.

The formula (}£.70) can be also understood as follows. Let us cover O, by the open
neighbourhoods U, of the fixed points w, which are invariant with respect to the action of
the maximal torus T, C G containing g. Then the intersections Uy, N Uy, N --- N U,, are
also Ty-invariant. The character, being additive, can be written as follows:

Trpo(g) = » (—1)'Tryi(g)  (positivity of ) (4.71)

= ZTTUM (9) = Z Trv,, (U, (9) +

w1 <ws (inclusion-exclusion) (4.72)

+ (=1)k1 Z Tru,, Wy, (9) + -

wi<w2< <wWg

On the one hand, the /-fold intersections U, N Uy, N ... N Uy, contain (€)%= and,
therefore, contribute zero to the character, using the definition
D P ~0, 2 #L (4.73)

pEZ

On the other hand, set-theoretically, the exclusions-inclusions of the sets U, and their
intersections, as in (JL.70):

(Uwa) \ (Uw1<w2 Uw1 N Uwz) U (Uw1<w2<w3 Uw1 N Uwz N Uws) = Uw{w} (4-74)

i.e. we are left with the fixed points only, or, rather, their infinitesimal neighbourhoods.
These well-known considerations [BJ] stumble immediately once we replace the compact
orbit O, by the space Xig of pure spinors. As we stated many times before the space X
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is the total space of the C*-bundle over the space Xjg of projective pure spinors. Thus,
the group SO(10) x U(1) acts on X9 without fixed points. Therefore the character must
vanish, for the simple reason ([£73).

In reality, however, we manage to get a non-vanishing character, both the zero modes [f]
and the non-zero ones, as we shall do below.

The resolution of the apparent paradox is the fact that in a sense the total character,
taking into account both positive and negative degrees of A, counts both fields and anti-
fields of the spacetime theory, which cancel each other.

The creative part of the computation is to separate the vanishing character into the
two opposite contributions, one coming from the fields, the other coming from the anti-
fields. Picking up the contributions from the fields, one obtains a non-vanishing character.
Moreover, after coupling to the fermionic matter sector (pq, 0<), one can introduce another
definition of the fields and antifields using the norm (A3¢°) = 1. Of course, this new def-
inition differs from the one expected from the pure spinor sector alone, but it has been
customarily used in the pure spinor formalism (and in the present paper), and is known to
lead to the correct spacetime amplitudes.

Thus, the true fields and anti-fields in the pure spinor superstring are constructed only
after including the contributions of the (pq, 8%) and * sector. Since these contributions also
carry the t-charge (and there are different ways to attribute the ¢-charge to the (pq, ¢, z#)-
fields, to be explored below), the total t-charge of both fields and anti-fields may become
both positive and negative. For example, at the level of zero modes we only have positive
t-charge states.

4.3.2 Review of fixed point formula for level 0 partition function

For convenience, we briefly review the fixed point formula for the zero mode partition

function [[]. (See also [].)

Geometric preliminary. Let us begin by refining our description of the space of pure
spinors

X1 ={A\* [X*h5N7 =0, A #0}

(4.75)
= (C*-bundle over Xjg), (X0 =S0(10)/U(5)) .

With the removal of the origin understood, X1¢ can be covered by 16 patches, where in
each patch at least one component of A is non-vanishing. It is convenient to use the “five
sign” notation to describe the components of A. (See section and appendix [A]] for
explanations.) In this notation, the character of 16 components are

1 < 5
Aipipy = ez(Fortortostostos) (even number of —’s) , (4.76)

and X719 can be covered by 16 patches

Upsgsrr ={re€ X0 | Apazss #0}. (4.77)
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In a given patch, a pure spinor can be parameterized using eleven parameters (g, uqp) which
are in the (1,10) of U(5). ugp is the “angular” coordinate parameterizing the base X9 and
g is the coordinate for the fiber C*. For example in Uy 44,

1
A= ()‘+7 )‘aba Aa) = (97 JUab, ggﬁadee'dbCUde) . (478)

where

A =Apgipt 70,
Aab = {A14++—— and permutations }, (4.79)

A% = {A4—___ and permutations }.
The characters of g and ugp in this patch are
g= ez (10205 toutos) . Uy =e et (1<a<b<B). (4.80)

In other patches U444 1), the characters will be

1

ge = 626(01+02+03+04+05) — e%ﬁ'o

L Uegy = € (ato) — g~ (CaTatera) (4.81)

where € acts by even number of sign changes.

The fixed point formula. By constructing the symmetry generators explicitly, one
finds the action of IV, on X9 which commutes with the J-rescaling of the C*-fiber. A
generic action of the maximal torus of SO(10) has 16 fixed points which are nothing but the
“origins” (uq, = 0) of 16 patches. The spin character of pure spinors can then be written
as a sum of the contributions at the fixed points [f, B2

16 10

. 1 1
Zo(t,6) = — 1] T Covoery (4.82)

1
=1 L=tz (0

where we use the notation of [[]]. The sum over e describes the sum over 16 fixed points.
The first term of the summand is the character of the non-vanishing component g., and
the second term is the character of the rest u, 44, both at a given fixed point e. Summation
over the fixed points in ([.89) is straightforward and one gets [

1 —10t2 +16t3 — 16¢° + 10t5 — 1¢8
(1—1)16 '

Zy(t,0) = (4.83)
At this point we can make more explicit the somewhat abstract discussion at the end
of the previous section.
Had we not known that each coordinate patch U4 should only contribute the positive
powers of ¢, i.e. the functions which are regular at A, = 0, despite the fact that the Ay is
not allowed to vanish, the full character would have been zero. Indeed, instead of the

1

1-— te%“’

(4.84)
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factor in (4.82) we would have had

1 t—le3€0

1 — tez€o " 1 —t-le~3¢C

—0. (4.85)

It is thus with this experience that we approach the full partition function. We shall take
the following point of view. We shall trust the fixed point formula for sufficiently large
positive t-charge and then use the *-conjugation and field-antifield symmetries to fix the
rest. The result will be identical to what we had before using ghosts-for-ghosts.

4.3.3 Fixed point formulas for the full partition function

Now, let us introduce two ways to extend the zero-mode fixed point formula (.89). The two
utilize different parameterizations for the non-zero modes and lead to partition functions
that differ by a finite number of terms at each level. Also, both miss a finite number
of terms with respect to the fully symmetric partition function. However, the missing
states can be unambiguously recovered by imposing the field-antifield and *-conjugation
symmetries, and the two formulas then give the same symmetric partition function.

The first way of extending is to simply include the non-zero modes of A\ at each patch
(Ges Ue,qp) € Ue together with the modes of their conjugates (he, vb):

16
Z(q,t,6) =Y Ze(q,t,5), (4.86)
e=1
1 10 1
Z(q.t,8) =[] ———
1 ; 1 (4.87)
X .

The first line represents the modes of (g, u.) and the second line represents the modes of
(h,v).

To obtain another way of parameterizing the non-zero modes, one observes that the
constraints for the non-zero modes are essentially linear \gy#*A_p + -+ = 0 (A_p ~ ah/\)
while the constraint for the zero mode is quadratic A\gy*Ag = 0. Therefore, the 11 compo-
nents of non-zero modes A_j (and their conjugates) can be thought as carrying different
characters from the zero-mode Ay, and the contribution from a fixed point is

1 10 1

Zﬁ(q7 t? O_:) =

1= te57 ik, 1 e-Ceretam)

1 10 1

o 8 S 4.88
e I e (455)

10

1 1
X H 1 H leot(eaoatepop)
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The second line describes the contributions of the A non-zero modes and the third line
describes the contributions of the w non-zero modes. As mentioned above, it carries essen-
tially the same information as the first formula ([£.87).

By expanding either ([.87) or ([.8§) in g, the level h partition function with spin
information is expressed in a simple form for all h > 1. The summation over 16 fixed
points is straightforward, and one gets a result of the form

PLt,3)

Zy(t, &) = 1 —t) EENTE

(4.89)
where P (t,d) is some polynomial in ¢ with coefficients taking values in the representations
of SO(10), and (1 — )16 = [1.c16(1 — tet?). We put a prime on Pj(t,5) as it lacks
field-antifield symmetry as of yet:

P (t,7) # P (1/t,—&) . (4.90)

We now turn to our results on P} (t,d) and explain how to improve them so that they
respect the field-antifield and *-conjugation symmetries.

4.3.4 Partition functions for non-zero modes with spin character

Although the summation over 16 fixed points is straightforward, it is not obvious how to
combine local U(5) characters into SO(10) characters in a simple manner. A convenient
computational trick is to utilize the Weyl character formula to take care of the combina-
torics. To do this, one first augments the factor for the zero-mode character H%z(z)b):l(l —
e~ (cavatero)) =1 yepresenting the 10 “positive roots of SO(lO)/ U(5)” by the character of the
remaining 10 positive roots of SO(10), i.e. those of U(5), H(ab L(1 — e~ (cada=aa))=1 and
then extends the summation over the 16 fixed points € to 1920 elements of the SO(10) Weyl
group W. Using the first parameterization of ([.87), 1920 “local” contributions are given by

10

1 1
Zw(q,t,5) = ————
w(q J) 1_ te%w'a (a:llll (1 _ e—(wa0a+wb0b))(1 _ e—(wacra—wbob))

10

1
X H H 1— qhe—(waaa—i-wbab) (491)

hs1l—q htes 7 (ab)=1

10

1 1
X H _ Lo H 1— qhewaaa-l—wbab :

o1 L —qht=lem2 )

(Using the second parameterization of (f.8§), the formula is the same except for the last
two lines representing non-zero modes.) An element w € W acts on the five-sign basis by
permutations and an even number of sign changes. The two modifications “cancel” each
other and simply gives Y Zy, = > Ze.

Now multiplying e*? (where p is the half sum of positive roots) to both the numerator
and denominator of Z,(q,t,&), and denoting the SO(10) Weyl denominator by e”R, the
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sum over w reads

1920 . . s 1
Z(q;1,0) = Z Zuw(q,t,0) = -8R Z(—l)weW H(l — te2v(€9))
’ b 71 (4.92)

X H {non—zero modes} .
h>1

Using the Weyl character formula, the summation over w € W is readily done leading to the
expressions of the form ([.89). This trick also explains why one gets SO(10) representations
as the coefficients of t.

Level 1. Using the computational trick just mentioned at this level, the second parame-

terization of (f.89) yields

1 — _
———{(45 + 1)t* — T44¢t' + (126~ — 10)t* + 163
(1- t)l“'{ (4.93)

—16t° — (1261 — 10)° + 144t — (45 + 1)¢%},

Z1ond(t, 0) =

while the first parameterization ([.87) yields
Zl,lst = Zl,2nd - 1. (494)

The singlet missing from Z7 14 is the gauge invariant current J = —wA, and the only way
to make Z7 1, consistent with field-antifield symmetry and *-conjugation symmetry up to
this level is to add 1 to it. So we conclude

Zl(t, 5:) = Zl’gnd(t, &) = Zl,lst(t7 &) +1, (495)
where Zj 5,4 obtained from our second parameterization is defined in ()

Higher levels. An important point to notice is that although Z5,q reproduces the fully
symmetric partition function at level 1, neither Z4 nor Zs,q reproduce the fully symmetric
partition function at higher levels. In particular, they both miss the fermionic singlet at
—q?t~* discussed above, and (a part of) analogous states at higher levels. Also, both Zi4
and Zs,q miss some gauge-invariant operators. For example, at level 3, the numerator
Pi(t,5) in Zopq starts as

Pj(t,5) = —10t72 4 (144 + 560 + 3 -16)t 1 +-- -, (4.96)

and the correction required includes both bosonic and fermionic operators. Nevertheless,
at least up to the fifth level, the difference between the t-expansions of the fully symmetric
partition function and the result from the fixed point formulas is always finite. There-
fore, the fixed point result can be unambiguously improved to the symmetric one using
the method described for the ghost-for-ghost partition function. (A list of the improved
numerator Py (¢, &) can be found in appendix [B.3.)
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Towards fixed point formula for the fully symmetric partition function. Since
we use the field-antifield and *-conjugation symmetries as guiding principles for computing
the complete partition function, it will be useful to build them into the fixed point formula
itself. Although we do not have an answer to this problem at the present time, organizing
the complete partition function into a character of §5(10) affine Lie algebra seems to be
promising. Note that it is probably not going to work for the pure spinor sector only, since
the level of the SO(10) current algebra is negative. Together with the (p,, ) contribution
one can expect a reasonable expression.

This should also be useful for extending our result to all mass levels. However, we
leave the study of these issues for future research, and we now turn to an explanation of
the symmetries of the partition function.

5. Structure of pure spinor cohomology

In this section, we explain the structure of the Hilbert space of the pure spinor system. In
particular, we will give a “microscopic” explanation of the states which do not correspond
to the usual gauge invariant polynomials. As mentioned repeatedly, those “missing” states
carry ghost number 3 and are essential for the partition function to have the symmetries

Z(q,t) = =t *Z(q,1/t) = —¢°t " Z(q,q/1) . (5.1)

Since the structure of the pure spinor cohomology is surprisingly similar to that of simpler
models analyzed in [f], we will first briefly review the result obtained there.

5.1 A brief summary of the toy models
5.1.1 Partition function and its symmetry

In [f§], the curved By-systems with a single quadratic constraint
NXX=0, (i=1,...,N). (5.2)

are analyzed in detail. Unlike the pure spinor constraint, the constraint A\ = 0 is irre-
ducible for N > 2. Therefore, the BRST approach is very effective in this case. Only a single
pair of fermionic ghosts (b, ¢) has to be introduced and the mini-BRST operator is given by

D= / bAN. (5.3)

The partition function of the D-cohomology is hence

1—¢2 1—¢"?) (1 — ¢"t=2
Z(q,t) = N ( A N)( hi_1 )N ) (5.4)
(1—-1) (1 =q"t)N (1 —g"t71)
h>1
where the charges of the fields are defined as
h(bv C>wi7/\i) = (1707170)7 t(bycawiy)‘i) = (_2727_171)' (55)

— 43 —



Clearly, Z(q,t) satisfies the symmetries analogous to (b.1)):

)

, T
“)-conjugation” symmetry: Z(q,t)

)2 "NZ(q,1/t), (5.6)

field-antifield symmetry: Z(q —(—
~q'tZ(q,q/%). (5.7)

Note that these symmetries naturally appear in pairs, as they are related to the double
periodicity of the theta function. (In other words, failure of one type implies the failure of
the other.)

Let us now turn to explain the “microscopic” origin of the symmetries. Both symme-
tries reflect certain discrete symmetries of the cohomology and can be understood in terms
of inner products that pair the elements of cohomologies. (In particular, the inner product
for the *-conjugation pairs H(D) and H'(D).)

5.1.2 Field-antifield symmetry

Importance of the first symmetry, Z(q,t) = —(—t)2"NZ(q,1/t), is best appreciated when
the system is coupled to N fermionic bec systems (p;, #%). Then, the total partition function,

Z(q.t) = (1 =) [[(1 = ") - ¢"t7?), (5.8)
h2>1

satisfying

Z(q.t) = —Z(q, /1), (5.9)

represents the cohomology of the “physical” BRST operator Q = [ Aip; (or more appro-
priately that of @ = @ + D). The space on which @) acts can be split into three pieces

H: Q-cohomology ,
F = Fur ® Foe ® Fpg = { A: Q-non-closed (5.10)
B: Q-exact.

Now, define a non-degenerate inner product (V, W) on F using the standard BPZ conju-
gation (V| = |V)f

(V,W)= (VW)= lim 22Lo(0[V (2)W (w)]0), (5.11)

z—00,w—0

with the basic overlap
(0](Ne0" — ¢)gl0) = 1. (5.12)

It is easy to see that the inner product couples A with B, and H with itself. (There can be
the coupling (A, H) but this can be set to zero by an appropriate choice of the cohomology
representatives.) Then, whenever there is a cohomology element V' € H, its antifield V4
satisfying (V,Vy4) = 1 also represents a cohomology. For example, the cohomology 1 is
paired with A0 — c¢. In general, V and V4 are related by the transformation ¢t < 1/t but
with the t-charge anomaly —t? which comes from the t-charge of A — c.
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5.1.3 Paring of cohomology via x-conjugation symmetry

The other symmetry Z(q,t) = —¢'t=2Z(q, q/t) can be understood in a similar manner [g].
The relevant inner product (V, W) can be defined as the overlap

(V,W) = (VIW) with (0]b_1]0) =1. (5.13)

Here, (V| = |V)* refers to a certain definition of the BPZ conjugation and b = b_; accounts
for the prefactor (—g't=2). For the same reason as before, the inner product induces a non-
degenerate paring between H*(D) and H'~*(D) where the charges of a pair is related by

myn k 1+m+nt—2—n

"ty - —q g k. (5.14)

Since H¥(D) = 0 for k < 0 (more or less by construction), the pairing implies that H*(D)
is non-empty only at H°(D) and H'(D)).

5.1.4 Mini-BRST and Cech/Dolbeault cohomologies

To conclude our brief summary of the toy models, let us explain how the mini-BRST and
Cech/Dolbeault languages are related. For definiteness, we concentrate on the relation
between the (minimal) mini-BRST cohomology H*(D) and the Dolbeault cohomology
H*(Dx). The idea is to use the non-minimal mini-BRST cohomology H*(D + dx) to
bridge between the two, as the following figure indicates:

7:0(5)() ﬂ)]ﬂ@x)
A A
. ©
y 5 v
]-'O(D) s > 70,0 Ox FLO
T
QJ{ Ql FON l@
2
j:l (D) <-(a)y-> F0,1 — Fl1

T

In the figure, we put the D-cohomology on the left-most column and the dx-cohomology

on the top row. Both cohomologies can be embedded in the non-minimal mini-BRST
cohomology of D + dx as indicated by the arrows (a) and (¢). (D + dx)-cohomology is
graded by the sum of BRST ghost number and the Dolbeault form degree (number of
r’s) which runs diagonally from north-west to south-east. The cohomologies of D and dx
then simply correspond to the different choices of cohomology representatives of (D + 0x)-
cohomology (arrow (b)).

Step (a) is simply an adding of the non-minimal quartet (@, \,s,r). Since the non-
minimal variables are unconstrained in the ghost-for-ghost framework, this does not affect
the cohomology. In particular, any representative of D-cohomology also serves as a repre-
sentative of (D + dx )-cohomology.

However, non-minimal variables can be used to obtain different representatives for
(D + dx)-cohomologies, by replacing b in terms of r (step (b)). In fact, (ignoring the terms
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proportional to the constraint (A\) and the ¢ ghost) one can choose a representative in
FmO (m =0 or 1), where all the cohomology degrees are carried by r instead of b.

Finally, note that the cohomology representative in F™9 is necessarily D-closed and
free of non-minimal conjugates w, and s,. Therefore, the object is “gauge invariant”
(both in minimal and non-minimal senses) and has intrinsic meaning on the constrained
cone A\ = 0. This gives the identification (c).

Mapping of b € H'(D). All the essential points of the mapping above can be seen by
computing the element of H'(dy) that corresponds to b € H'(D) of the minimal mini-
BRST cohomology. First, b is clearly in the non-minimal cohomology of D +dx. But since

Aw
it is equivalent to
- F Aw ) (W) Qw) = (AN (rw)
b~ —0x (2);) = 200 . (5.16)

Because the last expression is b-independent and D-closed (i.e. gauge invariant), it can
be expressed in terms of the local coordinates on AA = 0. Let us denote this “intrinsic”
expression by b. It is of course Ox-closed. In fact, it also appears 0x-exact at first sight,
but since (A\)~'Aw is gauge non-invariant, there is nothing that can trivialize b on the
intrinsic geometry of A\ = 0. Hence, b represents a cohomology element of H'(0x).

5.2 Mini-BRST and Cech/ Dolbeault cohomologies for pure spinor

The relation between mini-BRST and Cech/Dolbeault cohomologies should be the same
for the pure spinor system, but explicit identifications of cohomology elements are not
straightforward due to the infinite number of BRST ghosts. Let us nevertheless explain
what one should expect for the structure of pure spinor cohomology, in view of the analysis
in the previous subsection.

Recall that the full partition function satisfies:

field-antifield symmetry: Z(q,t) = —t8Z(q,1/t), (5.17)
“x-conjugation” symmetry: Z(q,t) = —¢*t 1 Z(q,q/t) . (5.18)

The field-antifield symmetry implies that one can define an inner product (V, W) for the
coupled system (w, \;p, #) with the overlap defined by using a weight ¢ operator A26° [

(0(\"8) (A" 8)(\y*8) (9,0,46)[0) = 1. (5.19)

The other symmetry suggests that there is an analog of the *-conjugation operation and
the b operator of the toy model such that the inner product (V, W) = (V|W) defined by

(V] =|V)* with (0[b0) =0 (5.20)
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induces a pairing of the cohomology. We claim that the b operator is nothing but the tail
element b3 of the reparameterization b-ghost carrying charges —g?t~4g3.

Then, the inner product (V, W) pairs the cohomologies at ghost number k with those
at ghost number 3 — k:

H*©6) —  H>7%). (5.21)

(8 here denotes either Cech, Dolbeault, minimal or non-minimal mini-BRST operators.) In
particular, there is a one-to-one mapping between H%(§) and H3(§) as has been repeatedly
announced. Cohomologies at negative ghost numbers H"(4) (n < 0), and hence H™(J)
(n > 3), should be empty. As for the remaining pair H'(§) and H?(§), we conjecture that
they are also empty. (One piece of evidence for this conjecture is that H°(§) and H?3(J)
are sufficient to reproduce the superstring spectrum.) Leaving proofs of these conjectures
as a future problem, let us see how the operator b3 at —g*t~%¢g® can be described in various
cohomologies.

5.3 The operator b;

Under the #-conjugation symmetry, the operator 1 in H°(§) is mapped to a fermionic
singlet at —q?t~*, which we first encountered in section and called the missing state.
This missing state will be identified with b3.

5.3.1 Cech/Dolbeault descriptions

The identification of bz is easier in the Cech/Dolbeault cohomologies than in the mini-
BRST cohomology (this is different from the toy models). Indeed, it can be identified as
the “tail term” of the reparameterization b-ghost of the pure spinor formalism. Recall that
in the non-minimal pure spinor formalism the b-ghost is written as [[4, B, B3, B4

b="by+ b1 + b+ b3,

a ATy d)* — Ny (V1 00)% — J OO — L5209
by = s+ G _ ey, — Aalm0ud) = Nuw (v706) 10°0°)
(M) 4(AN)
by = Xarﬁzi[am _ ()"Y“Vpr){(d’}’uupd_) — 48N;J,V7Tp}
(ON)2 T68(AX)2 ’ (5.22)

by — Xarﬁrtf([aﬁ“f] _ (rv”“pr)Nﬁ,,(Xypd)

(AN) 64(AN)3 ’
by — XQT’BT’WT&L[O‘&V&} _ (TVHVPT)(X’YJTpT)NMVNUT

(AN)4 512(AN)4 ’

and satisfies

{Q.bo} =T, {9x,bi} +{Q,bi1} =0, (i=0,1,2), {9x,b3}=0. (5.23)

Being the tail of the b-ghost, b3 is clearly in the Dolbeault cohomology of intrinsic, or gauge
invariant operators. It is independent of (z,p,f) and carries charges —¢*t~*¢®. So this is
the “missing state” we were looking for.
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The Cech description of b3 is similar. It simply corresponds to a 3-cochain
[IABCD]
by = (bAPP) = NOBACND (5.24)
which can be related to the Dolbeault version using the partition of unity. Again, it is
clearly in the Cech cohomology of the gauge invariant operators.
We leave the geometrical interpretation of b3 and the related construction of inner
products as future projects.

5.3.2 Mapping to ghost-for-ghost language

Now, we move on to the identification of b3 in the mini-BRST cohomology of the ghost-for-
ghost language. It can be obtained from the Cech/ Dolbeault version by a mapping similar
to (p.16). For ease of notation, we choose to start from the Dolbeault language. We do
not work out the coefficients and the spinor index structures completely.

First, one has to embed b3 to the non-minimal mini-BRST cohomology. This can be
achieved by forgetting the pure spinor constraint () is kept constrained) and adding the
ghost contributions so that

by — Dbsg=0xbso=0. (5.25)

Here, the notation bs indicates that it is in 73 (i.e. carries BRST ghost number 0) and
the main part of b3 9 would look like

(X'VWPT) (T'VUTpT)NuVNUT

o (5.26)

b3,0 ~
(Recall that N°7 is the Lorentz generators for the full system.)
Then, we proceed in the direction toward the minimal mini-BRST cohomology and
try to obtain the expression by 3 in which the non-minimal variables are absent:

-0
a0 7 b370

Dl ,,

_EX
ar] —— b2,1

-0
ag,2 X b172

Dl ,,

bo,3

At each step, one Dolbeault form r = d\ will be taken off and the final form by 3 is supposed
to be free of all the non-minimal fields, as in (p.19).
To get an idea on how bg 3 should look like, let us do a very rough computation. First,
b3 is a Ox of a gauge non-invariant (D-non-closed) operator as o:
P (wrpr) (W)

as.p ~ — 4+ —Oxasg=bso. 5.27
2,0 o) — xa2,0 = b3 (5.27)
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Then we get another representative

b7 M ™P1) (Mopr) (W A)
(A3

bg,1 = Dag ~ +-- b, (5.28)
where b# is the first generation BRST ghost contained in the first term of D = )", Dy, i.e.
Dy = AJA. (See section and appendix [ for more details on the mini-BRST operator.)

Similarly, bz 1 can be written as

pvp _
ayq ~ ( Y T)(W’YMV ) N —8X(11,1 — b2,17 (5_29)

(AX)?

and it leads to

p° (Vp)\)a (XVWpT) (w’y“,,/\)

bi2 = Day ~ )2

4+ bg’l ~ bg,o . (530)

Here, p® is the second generation BRST ghost contained in D1 = p®(¢)),, and we dropped
the term Doaiq ~ (AX)2b,by (Ay,A)(Ay#*Pr) which presumably is not very important.
Finally, we rewrite by 2 as

p ('VWX)a (w’y“,,/\)

Q -0 =bio, 5.31
()\)\) Xap,2 1,2 ( )

ap,2 ~

and obtain from hitting it by Dy = bV (aa (YN + cuc,,)
b073 = D(I(]’Q = bMV(w,y“V/\) =+ bg,o . (5.32)

This should give an expression for the —¢?t~*¢® element in the minimal mini-BRST coho-
mology.

Now, quite independently from the computation above (i.e. entirely within the mini-
mal ghost-for-ghost framework), it can be argued that there is a D-closed operator b that
starts from

b=0"Ny + - . (5.33)
Since D commutes with the total Lorentz generator ]\7,“,, one finds

D" Ny,) = D™ )N = PNy (7 N + - - (5.34)

where p** is the fourth generation ghost that came from D3 = p"*(cp (7" A)a +cuoa), and
the ellipsis denotes the (less important) contribution from Dy, 3 Bjy41C3C)_3.'!
Note that the pure spinor identity

1
NP (N )a — J(V' N)a = —i(w’y”’y”)a()\’yu)\) ~ 0 (5.35)

11(B;€7 C}) are the kth generation ghost; in particular Cs = cu..
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is rephrased in the ghost-for-ghost language as

2N (YuN)a — J (1" N)a = DYY (5.36)
for some Y = —(1/2)wac 4 ---. Since ph* is ~-traceless, one then finds
D™ Ny + p"* Vo) = D(p"*) Vi + -+ (5.37)

and is taken back to a situation similar to (p.34) with By = b* replaced by By = p"® and
N, . Teplaced by Y,o. Thus the general expectation is

b= <ZBka> S (5.38)

k>3

~

where Ng = Ny, Ny = Y, and so on, and the ellipsis is responsible for the corrections
from Dy > Bk+1Cka—m-

5.3.3 Properties of b3 and the remaining missing states

Having explained that the fermionic singlet with charges —¢?t~%¢? is nothing but the tail
term b (i.e. the three form piece) of the composite b-ghost, let us turn to a brief discussion
of the remaining missing states that we found at higher Virasoro levels (see ([)).

Although the number of missing states are finite at a given level, the x-conjugation
symmetry of the partition function indicates there are an infinite number of them, one for
every gauge invariant state, A(®A%) N#” T etc. In view of our analysis of the toy models,
the charges of “x-conjugation pairs” must be related as

myn k 2+m+nt—4—n

"thg" —  —q 9" (5.39)

In particular, we conjecture that all the missing states are carrying ghost number 3 and
can be constructed by multiplying ghost number 0 operators to a single b3 (perhaps with
derivatives).

One should be able to prove the conjecture by constructing an inner product that
couples the *-conjugation pairs. As we explained in section using toy models, the
inner product should be such that the cohomologies with b3 can be obtained roughly
by swapping the role of A and w. Some questions that can be checked explicitly even
before constructing the inner product are whether bsA\® and b30bs are trivial, and whether
operators of the form b3w(q, "+ Wa,) + -+ are in the cohomology. In the case of the toy
models these questions can be confirmed very easily. For example, using the BRST method
(remember D = bA!\Y)

bA o D(w'), bdb x D(w'w?), (5.40)

and it is also easy to show that bw; etc. are in the cohomology. We believe the answers are
also affirmative for the pure spinor case, but will leave a proof of this to future investigation.
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6. Derivation of the lightcone spectrum

Finally in this section we derive the Green-Schwarz lightcone spectrum by combining the
pure spinor partition function with those of the physical variables x* and (py,0“). The
lightcone spectrum we are to derive is the Fock space spanned by the transverse oscillators

i a
C_p s S—n 5

(1€8,,a€8,,n>1), (6.1)
on the super-Maxwell ground states

i) + |a) = 8, + 8. (6.2)
Their partition function is simply

Z10(q, &) = Trie(—1)" g"oet”
(1—g")® (6.3)
=8, —8) [[ 7
oy (1 —d")

Now, since the physical BRST operator of the pure spinor formalism @ (or more
precisely @ + d) contains pieces with non-zero t-charge, the total partition function of the
pure spinor superstring Z(q, t, &) (which includes = and (p, 8) sectors) is not directly related
to the cohomology of @. Moreover, Z(q,t,5) differs from the lightcone partition function.
However, it will be shown in this section that if the t-charge is twisted appropriately using
the lightcone boost charge (t — ), Z(q,t,&) can be related to the lightcone partition
function as

Z(q,1,3) = —2(q,3)+12(q,7). (6.4)

The first term at 2 represents the usual lightcone spectrum and the second term at 0
represents the spectrum of the antifields. If one writes Q = Qo+ Q1+ -+ where @Q,, carries
t-charge n, it is obvious that the twisted total partition function Z(q,f, &) represents the
cohomology of t-charge 0 piece Qo of . One might think that the cohomology of Qq
has nothing to do with that of @, but it will be shown that ()¢ and @ have the same
cohomology, except that the on-shell condition (L = 0) is not implied for the former.

Let us begin by first illustrating the analogous result for the bosonic string.

6.1 Lightcone spectrum of bosonic string from covariant partition function

The BRST operator of the bosonic string takes the form

Q = T, + beoc
1 6.5
= Z Cc—nLlp — 3 Z (m —n)c—mCnbmin (6.5)
nez m,ne”

where we left the normal orderings implicit and the Virasoro operators are given by

1 2
Lo = §k + Z a’imamm -1,
m>1

1
Ln=3 > ok oum (n#0).
mEZL
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Because of the ghost zero-mode oscillators {bg, ¢} = 1, the cohomology of @ consists of
two identical copies of the lightcone spectrum—those without ¢y (fields) and those with ¢
(antifields). Thus, the partition function defined by Tr(—1)F ¢’ vanishes identically due
to field-antifield cancellation. One way to get a non-zero result is to impose an additional
condition by = 0 which drops all the antifields from the trace, but it is difficult to perform
an analogous operation in the pure spinor formalism. Another way to get a non-zero result
is to introduce a charge that distinguishes fields from antifields. Clearly, the ghost number
(t-charge) measured by

J=-bc (— t(bec)=(-1,1)) (6.7)

does the job. The (lightcone) partition function would then be

_ 1
Zie(g,t) = Te(=1)Fghoto = —¢7 1 (t —1?) H =g (6.8)
h>1 q

where the prefactor represents the ground state tachyon (¢ = —¢~'t) and its antifield
(cOc = q~?).

In obtaining the expression (.§), we used the well-known fact that the physical spec-
trum is spanned by the transverse oscillators o', (i = 1,...,24, n > 0). Now, let us
explain how it can be obtained from the covariant partition function

Z(q,t,0) = Z:(q,t,0) Zbc(q, t,0) ,

1
G e 9

h>1
Zoe =[] -"tH" T a—d"0)".
h>2 h>—1

If the BRST operator @) carried ghost number (¢-charge) 0, the total partition function
Z(q,t,d) would represent its cohomology. But since @) carries ghost number 1, Z(q, t, &) is
not directly related to the cohomology. Nevertheless, there is a simple way to obtain the
partition function of cohomology (f.§) from Z(q,t,5). The procedure is simple and one
only has to twist the ¢-charge by the lightcone boost charge for the non-zero modes osz,

~ 1
J—J=J+ §N;,— . (6.10)
(The zero-modes k* are kept intact.) Then, the twisted ¢-charges read

t(k*, a5, ol b¢) = (0,+£1,0,—1,1), (6.11)

n’’
and the twisted partition function becomes identical to (f.§) representing lightcone fields
and antifields:
1

Z(q,t,6)=—q "¢ -] T g (6.12)
h>1

— 52 —



Of course, Z(q, t, &) represents the cohomology of the ¢-charge 0 piece of Q,

Q=0Qo+ Q1+ Q2,
Qo= 5" Y cnay (6.13)
n#0

and not necessarily that of Q itself. However, as is apparent from (f.13) the cohomologies
of () and )y are identical, except that the on-shell conditions are not implied for the
latter. (Recall that we are not imposing the by = 0 condition.) So the twisted partition
function (f.19) in fact represents the lightcone spectrum but without the on-shell condition.

In the previous paragraph, we recovered the well-known fact that the BRST cohomol-
ogy reproduces the lightcone spectrum [BJ]. Anticipating application to the pure spinor
formalism, let us briefly recall why this is the case. The crucial points to understand are
(i) why the non-zero modes of bc ghosts and lightcone oscillators o;f form a BRST quartet
and (ii) how the on-shell condition appears. An efficient way to understand both at the
same time is to use a unitary transformation that reveals the essential structure of Q. It
can be shown that @ can be brought to the form (see for example [B4])

Qe =d+d, (6.14)
where

1
d= QO = —§]€+ Zc_na; 5
n#0

1
d = COLBOt = ¢y <§k2 -1+ Z(O/inaﬂ," + nc_nbn)> .
n#0

(6.15)

Clearly, d and d’ commute and the cohomology of d + d’ is the lightcone spectrum (d = 0)
with the on-shell condition (d’ = 0). Since Qg is identical to d and does not contain d’, its
cohomology is different from that of @) by the on-shell condition.

One could have tried to define the {-charge so that

Qo=d+d. (6.16)

It can be achieved for example by treating the ghost zero-modes differently from the ghost
non-zero modes and assigning #(bg,co) = (0,0) instead of (—1,1). But this makes the
partition function vanish due to the field-antifield cancellation. We expect this phenomenon
to be a general feature of “on-shell partition functions” if one does not impose the by = 0
condition. Since it is not straightforward to impose the by = 0 condition in the pure spinor
formalism, we will be content with the “off-shell partition function” of the type (6.19) and
discuss the on-shell condition separately.

6.2 Lightcone spectrum from pure spinor partition function

As explained earlier, physical states in the pure spinor formalism are defined as the coho-
mology of @ + ¢ in Cech-Dolbeault framework. We now wish to define an operator that is

— 53 —



the analog of Qo = —(1/2)k™ 3=, o c—na, of the bosonic string as the twisted t-charge 0
piece of the physical BRST operator. To find the appropriate twisting of the t-charge cur-
rent J; = —wA — pb, let us study the massless vertex operators and see where the lightcone
degrees of freedom reside.

6.2.1 Twisting of ¢{-charge

The super-Poincaré covariant vertex operator for the super-Maxwell fields is given by

V = A\ (z, 0)

(6.17)
= A"Ya(z) + (M0 au(x) + (A*0)(0u)ax (x) + -+

with a(z) and x®(z) the photon and photino wave functions. (The first term A%ty is
pure gauge and the ellipsis involve spacetime derivatives of a* and x®.) In this form, the
lightcone degrees of freedom (a’, x%) are contained in the terms at t? and ¢3. But if the
t-charges of \ and 6 are twisted by the lightcone boost charge as

J - j:—w)\—pH—i-N:)\_—i-N;é_,

T (6.18)
ETAAY A T0,770) = (2,0,2,0))

both are brought to ¢
2 (M0)ai(z), M 0)(0r)ax’(@). (6.19)

Similar analysis shows that the lightcone degrees of freedom for the antiphoton and an-
tiphotino are brought to t®, which explains our expectation ©-4):

Z(Qa t~7 5) = _EQZIC(% O_:) + t~6Zlc(Q7 6) . (620)

The analysis here does not tell us how the t-charges of (the non-zero modes of) dz#
should be twisted, but it turns out that the appropriate definition of J is

J=—-wh—pb+K, K=NI+Ni +2N}". (6.21)

Note that we twisted the lightcone coordinates Oz twice as much as others, and we indicate
by the prime in N ; ~ that the zero-mode of 0z = k% are kept intact. In our convention,
the boost charge K of the basic operators are

K(yFw, 7)) = (£1,£1),  K(y p,yH0) = (£1,+1),

. 6.22
K(k*,0z'%,02) = (0, +4,0). (6.22)

It will now be argued that the ¢-charge 0 piece of the physical BRST operator plays a
role analogous to the Qo = —(1/2)k* 3=,y c_nay, of the bosonic string. As a first step,
let us see how the total partition function Z(q,t,J) is twisted at several lower mass levels.
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VAN A BN S R A
1| c
—10t2 | a* a’ a”
1643 Xa ¢
—16t° Xa X
10t6 a*+ a*i a*—
—1¢8 c*

Table 3: Cancellation among spurious states.

6.2.2 Massless states

It is easy to see that the twisted partition function for the zero modes Zg(f, &) represents
the lightcone super-Maxwell ground state. The twisted partition function can be easily
computed from the original spin partition function:

Zo(t,5) =1 — 10> + 161> — 16t° + 10t° — 1% (6.23)
—  Zo(1,3) = —(8, — 8,)F% + (8, — 8,)i. '

At the level of vertex operators, this formula can be understood as follows. Covari-
ant vertex operators for the super-Maxwell antifields (a*, x7), for the ghost ¢, and for the
antighost ¢* are similar to that of the super-Maxwell field (6.17) but have different numbers
of A:

V* = AN A,5(x,0)
=+ (A0)(Mp0) (77°0)* xa (@) + (A70) (A, 0) (077 0)ay, (z) + -+ -
U=A(x,0) =1c(z) + -,
U* = AN\ Agpy (2,0) = -+ (M"0) (M 0) (M 0) (0y,p0) e () + - - .

The terms of the covariant partition function Zg corresponds to the (vertex operators of)

(6.24)

component fields as
1107 + 161> — 16t° + 10t° — 1£*  —  (c,a,, X", X5, a, ). (6.25)

Under the twisting (p.1§) one finds that only the lightcone degrees of freedom survives as

in table f|. Spurious degrees of freedom and the ghosts (a™, x?, c etc.) are brought outside

26 and get canceled by components with the opposite statistics.

6.2.3 First massive states
The lightcone partition function at level 1 can be derived in a similar manner. A new
feature here is the appearance of non-zero modes of x* which have to be twisted twice as
much (.2T). The total partition function before the twisting is

Zl(ta 5) = Zw)\,lpo,O + Zw)\,OZpe,l + Zw)\,OZpG,OZm,l

= ((45 + 1) — 144¢ + (126 — 10)t* + 16t
—16t° — (126 — 10)t% + 144t" — (45 + 1)t%) |
+ ((1 — 10> + 16t° — 16> + 10t° — 1t%), ® (10, — 16,t " — 1641)) ,
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and after the twisting (b.21), it becomes

Z1(1,5) = (8, — 8,)t 2 + (=56, + 354 + 28 — 8, + 1) + (=56, + 56,,)
— (=564 + 56,,)1° — (=56, + 354, + 28 — 8, 4+ 1)7 — (8, — 8,)t'Y
+ Zo(t,7) ® (1o — 8p.a)t > + (8ps + 89.0)8° + (1, + 8y,)F%) . (6.26)

A little algebra shows that again only the terms at #*% survives:

Z1(1,5) = —12(35 + 28 + 1 + 565, + 8, — 56,, — 8 — 56,5 — 8,)

6 (6.27)
+1°(35 + 28+ 1 + 564, + 8, — 56,5 — 8; — 56,5 — 8,) .

The cancellation among spurious states and ghosts occurs as indicated in figure [

6.2.4 Higher massive states

The very same twisting procedure leads to the lightcone spectrum for the higher massive
states. The computations are straightforward once the spin partition functions Z(t,5) of
the pure spinor are obtained. We list the latter up to level h = 5 in appendix [B.3, so the
interested reader can readily check the emergence of the lightcone spectrum.

6.3 (Qp-cohomology and absence of on-shell condition

Finally, let us study the relation between the cohomologies of @y and @ (or more precisely
that of Qp + 6 and @Q + § where ¢ is either the Cech or Dolbeault operator). It will be
argued that Qo is an analog of kT >~ 20 O C—n of the bosonic string, and in particular that
it does not imply the on-shell condition.

Under the twisted ¢-charge, @ splits into three pieces

Q=Qo+ Q2+ Qu,
Qo =\d,, (dy=pa+kTba, dj=pa+0a05""),
Q2 = (N6Y)k~ + (\y'0)02" (6.28)

1
Qa = (X*0*)02"" — 5 (\""0)(67,,06),

where the notation d2'* signifies the omission of zero-modes k*. (The Cech or Dolbeault
operators § also carries t-charge 0 and we implicitly include it in Qq.) Qo is certainly
nilpotent, but since it only contains the k™ component of the momentum, setting Qo = 0
cannot imply the on-shell condition.

In order to see that Qg indeed works as k™ Zn;«éo v, c_y, of the bosonic string, we study
its cohomology directly, by employing the method utilized in [R7 to derive the (on-shell)
lightcone spectrum from Q.

6.3.1 Ghost-for-ghost method with an SO(8) parameterization of pure spinor

In section [E.1.1], we analyzed the reducibility conditions of the pure spinor constraint in an
SO(10) covariant manner. As was noted in [27), there is a simpler version of this analysis
if one breaks the covariance down to SO(8).
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t_4 5—2 tO t2 54 t~6 t~8 {10 t~12
—16t! -8, -8,
45¢° 8, 28+1 8,
10,t° | 1 8, 1
10 1
—120¢2 —28 —56,, — 8, —28
-100,t*| -1 -8, -1 —35 -1 -8, -1
—8y —28 -8y
-1
—2-10¢? -2-1  -2-8, -2-1
144¢3 8 56,5 + 8, 56,, + 8 8,
144,13 8, 56,, +8; 56, +8, 8
16,3 8 8.
2.16¢° 2.8, 2.8,
*
—2.16t° -2-8, -2-8,
—16,t° —8, —8s
—144,t° -8, —56,s — 8, —b56,, — 8 -8,
—144¢t° -8, —56,, —8; —56,, — 8, —8;
2-10t° 2.1 2.8, 2.1
100,t° 1
SU E 81)
1 8, 1 35 1 8, 1
120t° 28 56, + 8, 28
—1t8 -1
—10,% -1 -8, -1
—45¢8 -8, —-28 -1 -8,
16¢° 8 8,
0 0 0 —(35,28,1) 0 (35,28,1) 0 0 0
_(56sa>80) (56&17811)
(56va7 88) _(561)117 88)
(56’087 Sa) _(561)57 Sa)
Table 4: Lightcone first massive states from level 1 twisted character
First, parameterize SO(8) antichiral and chiral components of A* as
A=t N = (§5)? = viqlst. (6.29)

\* satisfies the pure spinor condition provided s* is constrained to be null, s%s% = 0.

However, half of v* is spurious because of the gauge invariance

5AUi _ Aa(,yis)a N
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Repeating the BRST construction (section [E.1]) in an SO(8) covariant manner, one obtains
a chain of free-field ghosts-for-ghosts'?

(Bn,cn): ([1176111)7 (Ioévaé)v (b§7cg)7 (Ioivai)v ) (631)

where as before (b3, ;,c%, ;) are fermionic and (ph,,0% ) are bosonic. Introducing a
fermionic ghost pair (b, ¢) for the remaining constraint s¢s = 0 (and denoting the conjugate
to s and v’ by t* and w'), the mini-BRST operator reads [R7]

D= /(bsdsd + sdggh + cTgn) (6.32)
where
b= ~(he e~ ey o
Tgn = (w'0y) + (bics) + (pp0n) + -+
Using a regularization 1 — 1+ 1 — --- = lim, .1(1 + z)~! = 1/2 familiar in covariant

treatments of the k-symmetry, it is straightforward to check that the combined system
of (t, s% w' v'; By, Cp,b,c) has the desired central charge 22. Moreover, one can con-
struct a set of generators for the full SO(10) Lorentz current algebra (with appropriate
level —3), under which D and the physical BRST operator Q' (to be defined shortly) are
invariant [27, B7.

In 7, the SO(8) mini-BRST operator D was used to construct the ghost extended
physical BRST operator Q@ = D + [ A*d, + -+, whose cohomology is equivalent to that
of @ = [ A*d,. The operator can be written in the same form as D,

Q = / (bss® + s*G* +2¢T) (6.34)
provided one defines
G* = d* + (%d)* + Gy, ,
(4d)” + G , (6.35)
T =—(r" 4+ 207" +v°1") + 2c{d* + Tgn

with 7# being the superinvariant momentum dz* — §~y*96. The combinations (G%,7) and
(ggh, 7.1 ) satisfy the same algebra
a b _25d57 a
G2)G° (w) = . G%2)T(w) =T (2)T (w) = regular . (6.36)

Z—w

This algebra appears repeatedly in the pure spinor formalism, and is related to the algebra
generated by the first-class part of the Green-Schwarz-Siegel constraint d, [f].

Now that the ghost extended physical BRST operator (6.34) is written entirely in
terms of free fields, the analysis of its cohomology is straightforward as explained in [27].
Let us apply the argument to the case at hand, where the full operator @ is replaced by
its t-charge 0 piece Qo.

12WWe departed from [@] in notation to match the notation of the present paper. In @], the initial pa-
rameterization was chosen oppositely (i.e. A* = s*) and the ghosts (ban—1, c2n—1, P2n, 02n)n>1 Were denoted
by (Uny tn, Wn, Un)«
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6.3.2 Lightcone “off-shell” spectrum from (Qy-cohomology

By coupling the SO(8) mini-BRST operator D to Qg, one concludes that the cohomology
of Qo is equivalent to that of the #-charge 0 contribution to @’ which is
Q= / (bs®s® + s“Gy + 2¢Ty) (6.37)
where
Go =d" + (hd)" + Ggy
Lo i 2t oo (6.38)
To = —5895 + v kT + 2c7d 4+ Tgn -

To study the cohomology of @, it is convenient to introduce the grading defined by
U(pa,04,02'F) = (1,—1,£1). (6.39)
Under the [-grading, Q) splits to
Qo = Qo1+ Qo
Qo1 = [ (s"pa — 02"7),

(6.40)
Qo0 = (rest)
= [(bsts® + 590,02' + s*(yd')% + sdggh + 2c0? kT + de(c§d™) + 2¢Ty) -
It immediately follows that two quartets
(pa, B, t?, 5%,  (925,0,¢), (6.41)

decouple from the cohomology. Furthermore, the conditions implied by @ on the remain-
ing fields

(k‘i,&ni), (Pa;0%), (bo,c0), (w',v"), (Bn,Cp), (6.42)

are the cohomology condition of

Q// — cof(k+,l)2 + 2(Cld/) +,Z-gh)
o (6.43)
=co(kT0? +2(d ) + wiob + bk + - )o.

Remembering d/, = p, + kT 0,, it then follows that the cohomology of @’ (and hence that
of Qo) is spanned by

ozt (pa—kT6,), (6.44)

on the super-Maxwell ground states (1, \y*80, (AM*0)(7.0)a, - - - ,A3)00)) (with appropriate
BRST ghost extensions).

If the full operator @) was used in place of @ one would find ok~ (among other terms)
in the final form of Q”, and this leads to the on-shell condition 7. Summing up, we have
learned that the physical BRST operator ) of the pure spinor formalism contains a piece
Qo which plays an analogous role as k™ znaﬁo o, c_p, of the bosonic string, and the role
of the rest of () is to impose the on-shell condition on the “off-shell” lightcone spectrum.
This was what we wanted to explain.
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6.3.3 Equivalence with light-cone partition function

In this subsection, we shall argue that after performing the twist of (p.21)), the ghost
modes of (w, A) cancel against the longitudinal modes of (p, 8, z) such that only the light-
cone degrees of freedom contribute to the partition function. Since the light-cone partition
function is modular invariant, the complete partition function which is twisted with respect
to (p-21)) must also be modular invariant.

To show that after performing the twist of (f.21]), the ghost modes of (w,\) cancel
against the longitudinal modes of (p, 6, ), it will be convenient to parameterize A in terms
of A% and \? as in (f.29). Since \? satisfies the constraint A4\% = 0, it can be described by
8 unconstrained bosons s together with a fermion ¢ which replaces the constraint. Note
that s carries +2 t-charge and c carries +4 t-charge. Their conjugate momenta, which
will be called t; and b, carry opposite t-charge and carry conformal weight +1.

The variables (ts,s%) have the same SO(1,1) x SO(8) Lorentz spin and #-charge as
(v~ p,v*0) and have the opposite statistics. So the partition function for (¢z,s%) cancels
the partition function for (y~p,y*6). Similarly, (b,¢) have the same SO(1,1) x SO(8)
Lorentz spin and #-charge as (02'",02'~) and have the opposite statistics. So just as
in bosonic string theory, the partition function for the (b, c) ghosts cancels the partition
function for the longitudinal (9z'*,d2'~) variables.

Finally, one has the remaining A® ghost variables which satisfy the constraint Si’ygi’/\“ =
0. This constraint implies that only four of the eight A\* variables are independent and since
a null s% breaks SO(8) to U(4), one can write this constraint as A* = 0 where A% has been
decomposed into its U(4) components as A = (A4, A4) for A = 1 to 4. Under this
decomposition of SO(8) into U(4), the variables v~6 and v™p decompose as (#4,64) and
(pa,pz). And since (wy, M) carries the same SO(1,1) x U(4) Lorentz spin and i-charge
as (py, 92) and has the opposite statistics, their partition functions cancel out.

So after cancelling out these partition functions of the ghost and longitudinal matter
variables, the only remaining contribution comes from the light-cone variables (p4, 64, %)
which produce the standard modular invariant light-cone partition function of the super-
string.

7. Summary and future applications

In this paper, we computed the partition function for pure spinors up to the fifth mass
level using both the ghost-for-ghost method and the fixed-point method. After including
the partition function for the matter variables, we showed agreement with the light-cone
superstring spectrum up to the fifth mass level.

The main surprise in the computation is the appearance of fermionic states in the pure
spinor partition function starting at the second mass level. These fermionic states all corre-
spond to three-forms on the pure spinor space, and are related to a term in the b ghost in the
pure spinor formalism. Based on the symmetry properties of the pure spinor partition func-
tion, we conjecture there is a one-to-one correspondence between these fermionic states and
the usual bosonic states which are associated to gauge-invariant polynomials in (A%, wy,).
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There are several possible applications of these results for amplitude computations
and for superstring field theory. Using the RNS formalism, scattering amplitudes can be
computed either using conformal field theory techniques or using the operator method.
Although conformal field theory techniques are more convenient for multiloop amplitudes,
the operator method is convenient for one-loop computations where one expresses the
amplitude as a trace over states in the Hilbert space.

In this paper, the pure spinor partition function was only computed up to the fifth
mass level, but it might be possible to extend our results and construct an explicit formula
for the complete pure spinor partition function. One could then use the operator method in
the pure spinor formalism, which might simplify the computations of one-loop amplitudes.

Another possible application of our results concerns the role of the b ghost in computing
multiloop scattering amplitudes. As discussed in [}, B, there are subtleties in computing
g-loop amplitudes when the 3g — 3 b ghosts contribute terms which diverge as fast as
(AN~ when A — 0. Since the integral [dMX dMA(AX)7!! diverges near A = 0, the
functional integral over the pure spinor ghosts needs to be regularized when there are terms
which diverge as fast as (AA) 7!, A consistent BRST-invariant regularization for multiloop
amplitudes was defined in [[J], however, this regularization was complicated and not very
practical for computations.

In this paper, it was argued that the only states in the cohomology of the pure spinor
Hilbert space correspond to functions which are either zero-forms or three-forms. These
operators are either regular when A\* — 0, or diverge as (A\) 3. When multiplying 3¢g — 3
b ghosts, one can in general get terms which diverge as fast as (AX)~%9. However, this
cohomology argument implies that there must exist an operator A(z1, ..., 234—3) such that,
after ignoring total derivatives in the Teichmiiller parameters,

b(Zl)b(ZQ) e b(Zgg_g) — [Q, A(Zl, e ,Zgg_g)]

diverges no faster than (A\)™2. (Note that [Q,b(21)b(22)...b(234—3)] is proportional to
total derivatives in the Teichmiiller parameters, so the cohomology argument can only be
used if one can ignore these total derivatives.)

Since BRST-trivial operators do not affect on-shell scattering amplitudes, one can use
[Q,A(z1,. .., 235—3)] to remove the dangerous divergences when (AX) — 0. Even though the
construction of A may be complicated, this is an alternative BRST-invariant regularization
method for (AX) — 0 divergences which may be more efficient for computations than the
regularization method described in [f].

A third possible application of these results is for superstring field theory. In [, a
cubic open superstring field theory action was constructed using the pure spinor formalism.
However, the correct definition of the Hilbert space was unclear because of the possibility
of states diverging when (A\) — 0. Using the results of this paper, one now knows that
the Hilbert space must at least allow states which diverge as (AX)~3 in order to reproduce
the correct massive spectrum. But it is an open question if one can consistently define a
multiplication rule for string fields in such a manner that states diverging like (AX) 1! are
never produced. Note that in string field theory, one cannot use BRST-trivial operators to
remove these dangerous states since off-shell string fields are not necessarily BRST-closed.
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A. SO(10) conventions and formulas

A.1 Dynkin labels

As is well known, all the irreducible representations of SO(10) can be labeled by five integers
called Dynkin labels. Those are nothing but the highest weights of the representations in
an appropriate basis. In our convention,

vector: (10000) = 10

2-form: (01000) = 45

3-form: (00100) = 12 (A1)
antichiral spinor: (00010) = ﬁ

chiral spinor: (00001) = 16

When computing the partition functions, it is sometimes more convenient to introduce
an orthogonal basis for the Cartan subalgebra, e, (a = 1,...,5) such that the fundamental
roots are

€1 — €9, €y — €3, €3 — €4, €4 + €5 . (AQ)

We then denote the character of e, by e’® where o, is a formal variable for bookkeeping.
Also the weight vectors in this basis are denoted by square bracket:

= pata < [papopspaps] o el (A.3)
a

The components p,’s take values in half integers and are related to the (integer valued)
Dynkin labels (ajasagaqas) by

i1 111 1/2 1/2\ [
12 011 1/2 1/2| | a
ps | =001 172 172 |as| . (A.4)
14 000 1/2 1/2| | a4
115 000-1/21/2) \as
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We refer to this basis as the “five sign basis” because the weights and characters of chiral
spinors are expressed as

1
p=GlELELELEL £ o o3 (fo1tortostostos) (A.5)
with even number of minus signs.

A.2 Some dimension formulas

Dimensions of the SO(10) irreducible representations are given by

dim(abcde)

= 24.34.431'52'6.7{(a+1)(b+1)(0+ 1)(d+1)(e+1)

(a+b+2)b+c+2)(c+d+2)(c+e+2)
(a+b+c+3)b+c+d+3)(b+c+e+3)(c+d+e+3)
(a+b+c+d+4)(a+b+c+e+4)(b+c+d+e+4)(b+2c+d+e+5)
(

a+b+c+d+e—|—5)(a+b+2c+d+e+6)(a+2b+2c+d+e+7)}. (A.6)

Of special interest are the ‘(chiral) pure spinor representations’ (0000n), which have the
following dimensions

m+7(n+6)(n+5>%n+4)>2n+3)2%n+2)(n+1)

dim(0000n) = 7.6-52-42.32.9

. (AT

B. Table of partition functions

B.1 Partition functions without spin: number of states

List of coefficients Ny, , present in the expansion Z(q,t) = >, <o >., Nmng™t" of the
pure spinors partition function. We include the usual gauge invariant states (Npn > 0)
as well as the extra states (N, ,, < 0) which are described using BRST or Cech/Dolbeault
cohomologies (of third degree).

B.2 Spin partition functions
For convenience, we here list the partition functions with spin dependence up to fifth

Virasoro levels. Partition functions at each level are of the form

Z(t,6) = where (1—1)%= [J(1—te"”), §=(00001)=16 (B.1)
pes

and Py(t,d) is a polynomial of ¢ with coefficients taking values in the representations of
SO(10). For brevity, we only write the numerator Py (¢). Again, formulas include the extra
states in the third cohomology.
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n NO,n Nl,n N2,n N3,n N4,n N5,n N6,n
8| 0 0 0 0 0 0 —2772
710 0 0 0 0 —672 —19824
6| 0 0 0 0 —~126 —4068 —70522
510 0 0 —16 —592 —11408 —153408
41 0 0 —1 —46 —1073 —16974 —205373
310 0 0 —16 —592 —11408 —152736
200 0 0 0 0 0 0
100 0 16 592 11408 152736 1597520
0] 1 46 1073 16974 205373 2031130 | 17130386
1| 16 | 592 | 11408 | 153408 1617344 | 14228752 | 108567392
2 | 126 | 4068 | 70522 | 868012 8479364 | 69771888 | 501686294
3| 672 | 19824 | 320304 | 3716208 | 34489920 | 271222800 | 1872478496
4 | 2772 | 76824 | 1180602 | 13125484 | 1173525227 | 892615196 | 5979762150
Table 5: Number of states in pure spinor partition function.
Level 0.
Py(t,&) = (00000); — (10000)10t> 4 (00010),6t>
— (00001)16t> + (10000)1t® — (00000), 3 (B.2)
Level 1.
Pi(t,&) = ((01000)45 + (00000)1 ) — (10010)144t" + ((00020)126 — (10000)1¢ )t
+ (00010)16t* — (00001)16t° — ((00002)126 — (10000)0)t°
+ (10001)144” — ((01000)45 + (00000)1 )¢* (B.3)
Level 2.
Py(t,5) = —(00000)1t~% 4 (00001)16t ™2 — (00100) 120t 2

+(01010)360 + (00010)16) ¢ ™"

—(10020)1050 + (01000)45 + 2(00000)7 )° + (+(00030)672 — (10010)144) 2"

—(11000)390 4 (00020)126 — 2(10000)10 )2

+(01010)560 + 2(00010)16 )¢

—(01001)560 — 2(00001)1¢ )¢
( )
( )

_|_

11000)320 — (00002)126 + 2(10000)1 ) ¢°
—(00003)672 + (10001)144 )" + (+(10002)1050 — (01000)45 — 2(00000)7 )¢
—(01001)560 — (00001)16)#”

00100)120t'" — (00010)16t* + (00000); ¢'2

o+ o+ o+ o+

—

(B.4)
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Level 3.

Ps(t,0) =

Level 4.

P4(t7 6) =

—(00010)16t™° + (00011219t~ — (00110) 1200t > + (01020)3696t >
(—(10030)s5280 + (01010)560 + 2(00010) 1)t ~"

(+(00040)2772 — (10020)1050 + (02000)770 + 3(01000)45 + 3(00000); )#°
(—(11010)3696 + (00030)672 — 3(10010)144)¢"

(4+(01020)3696 — 2(11000)320 + 3(00020)126 — 3(10000)10)#>

(+2(01010)560 + 3(00010)16)¢”

(—2(01001)560 — 3(00001)1¢)t°

(—(01002)3696 + 2(11000)320 — 3(00002)126 + 3(10000)10 )"

(+(11001)3696 — (00003)g72 + 3(10001)144)t"

(—(00004)2772 + (10002)1050 — (02000)770 — 3(01000)45 — 3(00000); )#*
(+(10003)s5280 — (01001)569 — 2(00001)1¢ )¢

—( + (00101) 1200t — (00011)210t'2 + (00001)16t*3 (B.5)

"
N
n
N
n
N
n
"
N
"

01002)3g96t*°

—(00020)126t % + (+(00021)1449 — (00010)16 )¢
(00120)g930 + (00011)919 — (00000); )t ~*

+(01030)17280 — (00110)1200 + (00001) )¢t ~>
(10040)20790 + (01020)3696 + (00020)126 — (00100)120 )¢~

4(00050)9504 — (10030)5980 + (02010)g064
+ (10001)144 + 3(01010)560 + 4(00010)16) ¢

+ (—(11020)23040 + (00040)2772 — 3(10020)1050
+ 2(02000)770 + 5(01000)45 + 6(00000); )¢°

+(01030)17280 — (20001)729 — 2(11010)3696 + 3(00030)g72 — 5(10010)144) "
(12000)4410 + 2(01020)3606 — 4(11000)329 + 5(00020)126 — 6(10000)10 )t
(02010)064 + (00021) 1449 + 4(01010)560 + 6(00010) 16 )¢
(02001)s064 — (00012)1449 — 4(01001)560 — 6(00001)16) >
( )
( )
(1

+ (=
+ (
+ (=(
+

_l’_

12000)4410 — 2(01002)3696 + 4(11000)320 — 5(00002)126 + 6(10000) 10 )t°
01003) 17280 + (20010)720 -+ 2(11001)3696 — 3(00003)672 + 5(10001)144)t"
1002)23040 — (00004)2772 + 3(10002)1050
2(02000)770 — 5(01000)45 — 6(00000)1)
+ (—(00005)9504 + (10003)5280 — (02001)s064
— (10010)144 — 3(01001)560 — 4(00001)14 )¢’
+(10004)20790 — (01002)3606 — (00002)126 + (00100)120 )t
(01003)17280 + (00101)1200 — (00010)16) ¢!
+(00102)6930 — (00011)219 + (00000); )¢*2
(00012) 1449 + (00001)16 )t + (00002)126¢** (B.6)

+

+
+ (=
+(
+ (=
+(
+ (=
+(

+

+ (
+ (=
+ (
+ (-
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Level 5.

PS(tv 5) =

—(00030) 672t~ "
+(00031)g930 — (00020)126 — (00100)120 )t ~°
—(00130)29568 + (00021)1440 + (00101)1200 — 2(00010) 6 )¢ >
01040)64350 — (00120)6930 — (00200)4125 + 2(00011)2109 — (00000) )¢ ~*
—(10050)g8640 + (01030)17280 — 2(00110)1200 + (00001)16)t >
00060) 28314 — (10040)20790 + (02020) 46800 +3(01020)3696 +2(00020) 126 )t~
(—(11030)102060 + (00050)9504 — 3(10030)5280 + (11001)3696
+2(02010)s064 + 2(10001)144 + 6(01010)560 + 8(00010)16 )¢~
+ (+(01040)g4350 — (20011)g085 — 2(11020)23040 + 3(00040)2772

— 5(10020)1050 + (03000)7644 + 4(02000)770 + 10(01000)45 + 9(00000); )¢°
+ (—(12010) 43680 + 2(01030) 17280 — 2(20001)799 — 5(11010)3696

+ 5(00030)672 — 10(10010) 144 ) t*
+ (4+(02020) 46800 + (00031)g930 — (20100)4312 — 2(12000)4410

+ 5(01020)3696 — 8(11000)320 + 10(00020)126 — 9(10000)10 )¢
+ (+(10110)ss00 + 2(02010)5064 + 2(00021)1449 + 8(01010)s560 + 9(00010)14)t°
+ (—(10101)gs00 — 2(02001)s064 — 2(00012) 1440 — 8(01001)560 — 9(00001) 1)
+ (—(02002) 46800 — (00013)6930 + (20100)4312 + 2(12000)4410

— 5(01002) 3696 + 8(11000)399 — 10(00002)126 + 9(10000)1 )"
+ (+(12001) 43680 — 2(01003) 17280 + 2(20010)729 + 5(11001)3696

— 5(00003)g72 + 10(10001)144 )¢
+ (—(01004)g4350 + (20011)g085 + 2(11002)23040 — 3(00004)2772

+ 5(10002)1050 — (03000)7644 — 4(02000)779 — 10(01000)45 — 9(00000); )¢®
+ (+(11003)102960 — (00005)9504 + 3(10003)5280 — (11010)3696
—2(02001)s064 — 2(10010)144 — 6(01001)560 — 8(00001) 1)t
(—(00006)28314 + (10004) 20790 — (02002) 46800 — 3(01002) 3696 — 2(00002) 126 ) £
(+(10005)6s640 — (01003) 17280 + 2(00101)1299 — (00010)16)¢"!
(—(01004)64350 + (00102)g930 + (00200)4125 — 2(00011)219 + (00000); )¢
( )
(-
(

AAAA/_\

+(00103)29568 — (00012) 1449 — (00110) 1200 -+ 2(00001)16 )¢
(00013)g930 + (00002)126 + (00100120 )t

I
n
I
I
I
+ (00003)g72t (B.7)

C. Reducibility conditions for pure spinor constraint

Here, we compute the reducibility coefficients for the pure spinor constraint up to fourth
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order. In section [f.1.1, we performed the analysis up to second order and found:

Original constraint: GM = MyPN, A = (10000) (C.1)
First order reducibility: Rﬁf = (*Na, Az =(00010),
— GAlRﬁf =(M"AN)(7uA)a =0 (strong equality) , (C.2)
Second order reducibility: Rﬁg = ("), Az =(01000), (C.3)
— RﬁfRﬁg = (Y"N)a(1pA)® = 0 (weak equality) . (C.4)

Before proceeding to the third order reducibility, let us mention a subtle but important
technicality in the BRST construction [24].

C.1 Technicalities and a remark on second order reducibility

In order to kill the spurious part of the first generation BRST ghost, Rﬁf must be “com-
plete” in the sense that any function Fjy, satisfying

GAFy =0 (C.5)

can be written as
Fy, =R Gh C.6
A1 AlfAQ + fA1B1 ( * )

for some fa, and fa,B,. In computing Rﬁf, one can always choose it so that fa,p, is
graded antisymmetric for arbitrary Fy, satisfying (C.H). Since the pieces of Rﬁf that
lead to graded symmetric pieces in fa,p, are irrelevant for (or decouples from) the BRST
construction, Rfﬁ should be chosen to meet this condition.

Similarly, the second order reducibility coefficient Rfé must be chosen so that the
indices A Bj in the relation

RQ?RQZ =Gh fAlBlAS ~0 (07)

are graded antisymmetric. (There is no analogous symmetric property for the reducibility
coefficients at higher degrees.)

Now, in connection with this, let us explain a subtlety we have not mentioned when
we computed the second order reducibility coefficient Rﬁ;’ in the main text. At first sight,
there seems to be another non-trivial relation at this order [

RyIRY, ~ 0 o (PN)aX* = (A*A) ~ 0,
R =)\, o3 = (00000) . (C.8)

However, the relation R;132 decouples from the BRST construction as there is no d-closed
state constructed out of this relation. That is, although

S(CPR%E)=CMGP fa,2 =0 = §(0aAY) = (M N 0, (C.9)

there is no way to cancel the weakly zero term on the right hand side by adding an
appropriate term M®3. This means that there is nothing to kill by introducing the next
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generation ghost, and so one should not introduce this ghost. (If one were to introduce the
corresponding ghost, the action of § on that ghost would not be nilpotent.)

The reason why there is no §-closed operator of the form C’A2R1'432 + M*3 is related to
the violation of the assumption ([C.7). As can be seen from the equation ([C.9), one cannot
construct an appropriate M®* because fa,,** = 1, is symmetric in A; By, or in other
words because c#c”ny,, = 0.

This concludes our discussion of the subtlety in the BRST construction, and let us
return to the computation of third and fourth reducibility coefficients.

C.2 Third and fourth order reducibilities

Third order reducibility. A little computation shows

Rﬁngxi ~0 — Rﬁ: = [u’yu])‘)ﬁ“‘ (/\’VB’V,LW)Q

|
=2

4 1
= g(nﬁ[ln/u})‘)ﬁ - E(VBFW)\)Q’ (C.10)

Ay = (10010) = T44.

The indices newly appeared, which we underline for convenience, are -traceless and hence
in the 144 representation.
Indeed, there is a corresponding d-closed element of the form C’A3R£;l + M4 where
MA4 is free of C43 = c:
Az pA A 4 v 1 v 3 1 v
CARL + M4 = 2o (PN )g — =0 Cpu g + 56005 + = (0705 (C1)

In order to kill this, we introduce the fourth generation ghost and extend the nilpotent
action of § as

§CM = CBRYY + M4
(C.12)

4, 1, 3 1,
o  do,p= gcp,,(y A)g — Ec“ (Yo ) + §Cp0'ﬁ + EC (V)3 -

Fourth order reducibility. As we described in section f.1.9, the spin contents of the
ghosts-for-ghosts are dictated by the level 0 partition function Zy(¢,&). At this level, we
expect

As = (11000) + (10000) + (00010) = 320 + 10 + 126 . (C.13)

Indeed, one finds the following reducibility coefficients

Rﬁia = (nnﬂﬁfyﬂﬂ)\)a7 Asy = 320
Rﬁia = (fyng)\)aa A5b = 107 (014)
Ry = (V"N (g8 Ase = 126.

Here, indices in (7)) are symmetric and (spinorial) -traceless, and those in [u,vp] are
traceless, block-symmetric, and antisymmetric within each blocks.
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Corresponding §-closed elements are
CARA> + M5 = (oltyrly) + gc[[“c”p]] :
C’A‘*Riib + M4 = 5,0 (VPN — %cyc”p, (C.15)
CHURYY + M = 0,(5(1*N)y) - gff«ﬁ%» ’
and we shall introduce the fifth generation ghosts

s = (dmvrl et e i,5)) = (320,10,126), (C.16)

and extend the d-action as usual.
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